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EXISTENCE OF SMOOTH SOLUTIONS OF THE NAVIER-STOKES
EQUATIONS IN THREE-DIMENSIONAL EUCLIDEAN SPACE
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public of China. E-mail address: liugqz@bit.edu.cn

ABSTRACT. Based on the essential connection of the parabolic inertial Lamé equations and Navier-
Stokes equations, we prove the existence of smooth solutions of the incompressible Navier-Stokes
equations in three-dimensional Euclidean space R® by showing the existence and uniqueness of smooth
solutions of the parabolic inertial Lamé equations and by letting one Lamé constant A tend to infinity
(the other Lamé constant p > 0 is fixed).

1. Introduction

The Navier-Stokes equations describe the motion of a viscous fluid in R™ (n = 2 or 3). These
equations are to be solved for an unknown velocity vector u(x,t) = (ui(x,t), - ,up(x,t)) € R™ and
pressure p(x,t) € R, defined for position € R™ and time ¢ > 0. The incompressible Navier-Stokes
equations are then given by

ou; .
(1) o AW j+Z T fiet), wER 20, j=1o
8uk
1.2 divu = =0, zER"t>0
(1.2) ivu = Z@xk x >

with initial conditions

(1.3) u(x,0) = p(x), xecR"™

Here, ¢(x) is a given, C'™° divergence-free vector field on R", f;(x,t) are the components of a given,
externally applied force, p is a positive constant (the viscosity coefficient), and A =Y, 9% i the

8x%
Laplacian in the space variables. Equation (1.1) is just Newton’s law ma = f for a fluid element
subject to the external force f = (fi(x,t),---, fu(x,t)) and to the forces arising from pressure and

friction. Equation (1.2) just says that the fluid is incompressible. For physically reasonable solutions,
we will restrict attention to forces f and initial conditions ¢ that satisfy

(1.4) 102p(x)| < Canr(1+|z))™ on R", for any a and M
and
(1.5) 0405 f (2, 8)] < Cranm (1 + |z + )" on R x [0,00), for any I, M,
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where @ = (aq,--+,q,) is a multi-index (i.e., an n-tuple of nonnegative integers). A solution of
(1.1), (1.2), (1.3) is said to be physically reasonable (see, [12]) only if it satisfies

(1.6) p, u € C°(R" x [0, 00))

and

(1.7) / lu(x,t)|*de < C forall t>0 (bounded energy),

where dx = dxq - - - dz,,.

It is a fundamental problem in analysis to decide whether such smooth, physically reasonable
solutions exist for the Navier-Stokes equations (see, statement (A) of [12] by C. L. Fefferman).

Many important progresses and works have been made for the above problem in the past decades.
In two dimensions, the existence and uniqueness of smooth solutions of the Navier-Stokes equations
has been known for a long time (see, Leray [24], Ladyzhenskaya [23]|, Sohr [40] or Temam [47]).
The existence of the global smooth solution in three dimension is proved if the initial velocity ¢
satisfies a smallness condition. Strong solutions in the three-dimensional case are known to exist
for a short interval of time whose length depends on the physical data of the initial value problem
(see, Theorem 3.4 on p.104 of [34]). Moreover, this strong solution is known to be unique and to
depend continuously on the initial data (see, for example, [7, 23, 34, 47]). Leray in [24] showed that
the Navier-Stokes equations (1.1) in three space dimensions always have a weak solution (u,p) with
suitable growth properties, but the uniqueness of weak solutions of the Navier-Stokes equations is
not known. Under additional assumptions of more integrability of w, Serrin [39] proved existence of
smooth solutions. In [8], Constantin-Fefferman showed smoothness of solutions with a constraint on
vorticity. Based on the work of Scheffer [38], Caffarelli-Kohn-Nirenberg in [5] gave a partial regularity
result of the Navier-Stokes equations that the dimension of the set of singular points is at most one.
Later Lin [26] simplified the proofs of the results in Caffarelli-Kohn-Nirenberg [5]. We refer the reader
to the paper [12] of Fefferman, the survey [46] of Temam and the books of Majda-Bertozzi [34] and
Lions [28, 29] for more details and references therein.

In this paper, we will solve this long-standing open problem. We state our main result as the
following, which is corresponding to the statement (A) in [12].

Theorem 1.1. Take p > 0 and n = 3. Let ¢(x) be any smooth, divergence-free vector field
satisfying (1.4). Take f(x,t) to be identically zero. Then there exist smooth functions uj(x,t),
p(x,t) on R™ x [0,00) that satisfy (1.1), (1.2), (1.3), (1.6), (1.7). Moreover, the solution (u,p) is
unique.

The main ideas and methods of this paper are as follows. We first introduce the following initial
value problem of the parabolic inertial Lamé equations:

%—?—uAu—()\Jr,u)graddivqu(u-V)u:O, xeR" t>0,
U(O,.’L‘) = d)(il)), x € R",

where p and A are the Lamé constants satisfying
(1.9) w>0, A+ p>0.

In physics, (1.8) is a fundamental nonlinear system of elastodynamics, which describes the deforma-
tion (motion) of an (inertial) elasticity material (body) in R™ (see, Chapter 5 [25], or Chapter 6 of
[35]). Because a lot of powerful mathematical tools (techniques) can be applied to such nonlinear
parabolic equations rather than directly to the Navier-Stokes equations, (1.8) will play a key role
in this paper. Note that in the above equations, (u - V)u is said to be the inertial term. Par-
ticularly, when A + u = 0, (1.8) reduces to the famous n-dimensional viscous Burgers equations

(1.8)
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(see, [18], [48], [37], or p.324 of [45]). Our first task is to prove that for the given A, satisfy-
ing (1.9) and initial value ¢ satisfying (1.4), there exists a unique smooth solution wy ,(z,t) in
C([0,00); H™TL(R3)) N C°(R? x [0,00)) for the initial value problem of parabolic inertial Lamé
equations (1.8). The second task is to show that for any fixed 77 > 0 and divergence-free ini-
tial value ¢ and for any given sequence —p < A < A < -+ < Ay < -+ — 400, there is a
subsequence {Am, };£ such that the solutions U, u(@,1) of (1.8) weakly converge to w,(z,?) in
L%([0,T]; H(R3)) as | — 400 (of course, the functions — (A, + p) div Uy, u(T,t) weakly converge
to a function p,(z,t) in L2([0,7]; L*(R3)) as | — 00), as well as %u,\ml’u(m,t) weakly converges
to %u“(ac,t) in L2([0, T]; L*(R®)) as I — oo. In addition, we can immediately show div u, = 0 in
R3 x [0,7T]. Because T > 0 is an arbitrary real number, (u,(t,z),p,(t,x)) is just a global smooth
strong solution of the Navier-Stokes equations with the viscosity g > 0 and the same initial value
¢, and (1.7) holds. The above idea stems from the works [30], [31], [32], [33] and [43] of the present
author for studying inverse problems and eigenvalue problems for the Stokes equations, Lamé equa-
tions and Navier-Stokes equations, in which the author solved an open problem for determining the
viscosity function of the Navier-Stokes equations and discovered the deep relationship between the
Lamé eigenvalues and Stokes eigenvalues. These results inspired the author to ultimately prove the
global existence of smooth solutions of the Navier-Stokes equations first by showing the existence
and uniqueness of global smooth solutions of the parabolic inertial Lamé equations and then by
considering the essential (limit) relationship of the above two systems of equations.

In order to prove the existence, smooth and uniqueness of the solutions for the initial value problem
(1.8) of the (nonlinear) parabolic inertial Lamé equations in R3, we will use the following approach:
Set Ly, = —puA —(A+p) gaddiv and ®(u) := (u-V)u. By converting (1.8) to the integral equation

(1.10) u(t) = e Hrng + / t eI P (u(s)) ds == Wu(t),
0

and by applying the contraction mapping principle to ¥ (where Wu(t):=e~n o+, e~ =P (u(s))ds),
we first show the existence of the solution uy , of (1.8) in a short time interval [0, 7] (which is just
the unique fixed point in C([0, T]; H™(R?))), and then we prove this solution is also smooth. We
prove a key inequality of the fundamental solution and show [[uy .llc®sxjo,)) < Cll@llcors) (simi-

<

lar to the parabolic sup norm estimates, i.e., the maximum principle) as well as ||u)\7u(t)||%I1(R3) <

2 2
[lwx,,. (0 )||H1 (&) fo el n(Mlgs) s < ||¢||H1 (&%) tCCl||¢”C<R3>, where the constants ¢; and C is in-
dependent of >\ and depends only on g. This rule out the bow up of wy, in C([0,T]; H™(R?))
for any fixed T > 0, and then the local solution can be extended to whole time interval [0, oc0).
Employing bootstrap argument and standard regularity technique, we therefore establish the global
existence of smooth solution for the parabolic inertial Lamé equations in R3 x [0,00). Of course,
the solution is also unique. It is a surprising fact that for fixed p > 0 and divergence-free initial ¢
satisfying (1.4), {ux u}re[—pto0) a0 {VU ; }re[—p,+00) are bounded sets of L%([0,T]; L*(R3)), and
{%UA#(t)})\e[_moo) is also a bounded set of L2([0, T]; L*(R?)). So the weak limit wu,,(z,t) of smooth
solutions u Am, u(z,t) of the parabolic inertial Lamé equations is exactly the smooth solutions of the
Navier-Stokes equations. Let us point out that through compatibility conditions for parabolic equa-
tions, initial data in the Schwartz space .(R3) (respectively, divergence-free Schwartz space) ensure
that the solution of the parabolic inertial Lamé equations (respectively, the Navier-Stokes equations)
can be smoothly extended to R? x [0, 00), including C*°-continuity at the initial time ¢ = 0.

With a completely similar method, we can prove the following:
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Theorem 1.2. Take i > 0 and n = 3. Let ¢ be any smooth, divergence-free vector field in R3
satisfying

(1.11) b(x +ej) = ¢(x) for 1<j<3,

where e; = jth unit vector in R3. Then there exist smooth functions p(x,t), uj(x,t) on R3 x [0, 00)
that satisfy (1.1), (1.2), (1.6) with u(x,0) = ¢(x), f =0 and
(1.12)  u(z,t) =u(z +e;,t), plx,t)=p(x+e;t) on R®x[0,00) for 1 <j<3.

This paper is organized as follows. In Section 2, we give the explicit representations of solutions for
the linear parabolic Lamé equations and the Stokes equations. In Section 3, we explicitly construct
the fundamental solution and establish its basic inequalities for the general parabolic Lamé (elasticity)
equations, and then estimate the bound of |le ™t x| L(H™(®Rr),H™+1(Rn))- Lhe existence, uniqueness,
smoothness in (z,t) and uniform norm boundedness with respect to A for the solutions w) , of the

parabolic inertial Lamé equations are proved in Section 4. Finally, in Section 5 we prove the main
theorem 1.1 by letting A — +o0.

2. Explicit representations of solutions for the linear parabolic Lamé equations and
Stokes equations

In this section, we will consider explicit representations of solutions for the following initial value
problems of linear parabolic Lamé (elasticity) equations

% — pAv — (A + p) graddive =0, zeR", t >0,

and the Stokes equations

(2.1)

%—?—uAv—i—gradp:O, xeR™" t>0,
(2.2) dive=0, zeR" t>0,
v(x,0) = ¢p(x), xR

Throughout this paper, we always assume that (Lamé coefficient) u is a fixed positive constant and
A+ p > 0. When A+ =0, (2.1) reduces to the initial value problem of the classical heat equations.
Clearly, the initial value problem (2.1) can be rewritten as

ov _ n
(2.3) L+ Lyv=0 xeR" t>0,
'U(O,{B) = ¢($)7 T € Rn’

where the Lamé operator Ly , is given by

foad foad
n g2 822 T Om0z, w1
(2.4) Ly,w= —M(ZW)LI—(/HA) : E N
k=1 "k 0? 02 w
dxn0z1 02 "
and I, is the n x n identity matrix. Furthermore, we have
) w1 (€)
(2.5) Ly w(zx) = @) / eTE(1(Ly ) A : de,

wn(§)
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where

& - L&
(2.6) ULag) = pl€PTn + (u+2) | :
&1 - &
is the full symbol of the operator L) ,, w; is the Fourier transform of w; defined by w;(§) =
Jan €7 Cw;(x)dz, |7 = Y3 1 & and d€ = d&; -+ dE,. Let us denote by .(R") the Schwartz
space of rapidly decreasing (vector-valued) functions:
(2.7) S (R") ={¢p € C®R") | |05 p(x)| < Canr(1+ lz|)™™ on R™ for any a and M},
and by C{'(R™) the space of C™-smooth (vector-valued) functions vanishing at infinity: C7'(R") =
{p € C™(R") ‘ 05 @(x)] — 0 as || = 400, 0 < |a|] < m}. We denote by w, = % the
volume of the unit ball in R™. The convolution f(x) * g(x) of two functions on R" is defined by

f(@)xg(x) = [pn f(®—y)9(y)dy = [zn f(y)g(x—y)dy provided that the integrals in question exist.
Then we have the following;:

Theorem 2.1. Let the Lamé constants p and X\ satisfy p > 0, A+ >0, and let n > 3.
(a) If vy, is the unique solution of the linear parabolic Lamé equations (2.1) with ¢ € 7/ (R"),
then vy, can be explicitly represented as
e~ l®l?/4ut e lzl?/4(A+2p)t e~ l®l?/4nt
- % + = * ,
g ) (i3 amgaprs) TV
where ¥ (x) := W* (grad div ¢(x)) € Co(R")NC>(R") is the unique solution of Poisson’s
equations

(2.8) vyu(x,t) =

(2.9) { —Av = grad div ¢ in R",
) lim‘m‘ﬁ+oo ’l,b(:l?) =0.
Moreover,
(2.10) vy, € C(R™ x [0,00)), / vy ., t)Pde < C for all t > 0.
R

(b) If ¢ € L (R"™) and dive =0 in R", then the solution v,, of the Stokes equations (2.2) can be
explicitly represented as
e~ 1= /Aut
(2.11) vu(x,t) = Gty * é(x)

and p(t,x) = c(t) in R™ x [0, 00).

Proof. (a) Since the Lamé operator L, , is uniformly strongly elliptic (see, for example, (10.4) on
p. 297 of [36], Chapters 5-6 of [19], (5.150) of [25], [1], [6], [35]), it follows from Chap. 6 of [35], Stewart
[42], Browder [4], Friedman [13] that —L) , generates analytic semigroups (e *[%#),cp on Co(R™),
on L*(R™), and on LP(R™), where A is a sector in the complex plane C (cf. [42]). The corresponding
strongly continuous semigroups (e~*2# ), can be obtained from the resolvent operator (9I—L, ,) ™"
of Ly, by the Cauchy integral formula (see, Chapter I of [10] or p.366 of [17]):

1
(2.12) et = — / e (I — Ly,)'d9, t>0,
2w Je '
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where C is a suitable curve (contour) in the complex plane in the positive direction around the
positive real axis, and I is the identity operator. Therefore, we have

—tLy _ 1 i L - — -
@13) e te) = o [ (o e (@1 - 1,7 a0) ale) de

= (271r)” /n /nez’(m—y).ﬁ (;m/ce—tﬁL((ﬁI_ L)) dﬁ)¢(y)dyd§,

where ¢ (91 — Ly ,,)~") is the full symbol of the resolvent operator (VI — Ly ,)~'. If we denote

- 1 ix-£ L —t -1
(2.14) Zoy(@.0) = G / (L /C e (91— Ly )" )i ) .
then
(2.15) e (@) = Zy (@, 1) * p() = D@ =y 1) dly) dy
by (2.13).
Next, we will explicitly calculate ¢((¢I — Ly,)~"). By a direct calculation we find that
& - a&| &g - & & - &b
(2.16) : : : =g :
& o & ] (&l o & E&t - &
Thus, the following two matrices play a key role:
g - bé
FP=<1,, : :
&b - &

The set F' of above two matrices can generate a matrix ring § according to the usual matrix addition
and multiplication of § on the ring 91 of functions. This implies that ¢((J1 — Ly ,)~") must have the
following form:

& 0 &b
(2.17) (O —Ly,) ) =silp+s2 | o

&bl - &
where s; and so are unknown functions which will be determined later. This key idea is inspired

by Galois group theory for solving the polynomial equation (see [3] or [9]). Substituting (2.17) into
(0T — Ly ) o((9I — Ly )~ ') = I,, we have

& - &é P G
(2.18) O — wlé*) I = (n+2) | : sip+s2 | ¢ : =1I,,
ie.,
g - bé
s1 (0 — plg?) In + {82 (0 = pl€l?) = si(p+X) — 82(M+A)I£I2} | =TI,

g6 &2

Since the set F' is a basis of the matrix ring §, we get

{ s1 (0 — plgl?) =1,

s2 (0 — plél?) — s1(p+A) = sa(p+ N)|€]* = 0.
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It follows that

- |€|
(219) — /,H—)\
(9-nlél2) (v-(2u+2)el2)
Therefore
& - &
(220)  o((WI—Lyy,) ") = ! 51 Pt A 5 ;1 :
T leR " (0= uleP) (0 — 2+ VIEP) et . @
Now, by applying the residue theorem (see, for example, Chap. 4, §5 in [2]) we have
1 9 1 _ 2
(2.21) o J,© W (01 — Ly,)™Y) do = e e I
& - &é
+W (eftum)m? _ o tulgl? : :
E . .
&b - &

Noting that

—|x|? a2
1 iw-€ ,—tplé? ge — € =l e 1 i —tO+2p)|E? g _ _C |]®/4(A+2pu)t
erre dg : e®Se de
) S (4mptyn/2 - (2m) (dm (A + 2u)t)"/2

and (see, p. 194, (2) of Ch.II in [14])

1 RES 1 1 n—2_%9 —2 -n
(%)n/ ¢ & e = R (2 27r2r(n2 )|a|? >

1 2—n
= — > 2.
n(n — 2)wy, [=[*, n

It follows that
1 1 > el /4yt 1
ix-g —tulg] _ .
e o (™) 4 = g * (e g o)
/ 1 e |z—=| /4utd
- z
re (1 = 2)wn |22 (ggry) "2
1 ix-€ 1 t(A+2u)|€]? e_|$|2/4(/\+2u)t 1 -
— | et e e = n/Q*( S jaf )
2m)" Jgn €] (4m(X+2p)t) n(n — 2)wn

/ | el
= z
re (1 = 2)wn 2" (47 (A + 2p0)1)™?

Inserting these and (2.21) into (2.14) we obtain

OQWA’H(CI},t) 82W>\7H(.’.l:,t)
6_|$|2/4'ut 8$% T amu?zn
2.22 Zy(x,t)=— I, + : : ,
(2.22) o) = T Tt | -
0 W)MH(:B,t) .. 0 W)\)M(il:,t)

Oxy Oz ’ 02



8 GENQIAN LIU

where

(2.23) Wi (@, t) = (

e~ l=?/A(A+2u)t - e—lzl?/Apt 1
(4m(A + 2,u)t)n/2 (47rut)n/2 n(n —2)

/ 1 e—lz—z? /4020t —le—z|? /4t p

= — z

R (1 — 2)wn 2|72 (47r()\ + QM)t)n/2 (47T/Lt)n/2

Clearly, the function W) ,(x,t) is well-defined and smooth for all x € R™ and ¢ > 0, because the

integral in (2.23) is absolutely convergent and the convolution W) ,(x,t) has the same smoothness
—lw? /40 +2m)t e /4nt .
as < ;/2 - ?47wt)"72 (cf. p.17 or p. 100 of [20]), and g, Wi (2, t)dz = 0. In particular, for
(47r(>\+2u)t)

any fixed ¢ > 0 and any multi-index a we have 99W) ,(-,t) € Co(R™) N C*(R™). It follows from
(2.15) that for any ¢ € . (R"™), the action of strongly continuous semigroups (e~**#);>o on ¢ can
be further represented as

(2.24)

wn|m|n72

e rng(x) = Zyu(x,t) * p(x)

PWaulyt) . PWauly)
eyl /4nt oy 9Y10yn
— [ G eawir [ | S P
R (47T/’(‘t) R 82W,\,M(y,t) o BQWA,%(y,t)
0yn Oy oy2
e~ |yl?/4ut 1 ’
-/ T R [ Wil t) grad div (o — )y
e~/ aut .
= m * @) + W (2, 1) * (grad div ¢(z))
Qv
|| /4pt —[a|? /4(A+2p)t |2 /4t 1
e e e
=——— x¢(x) + - * < — * (grad div ¢(m)>
(4mpt)"? ((47@ +2u)t)"? (4m)"/2) = o2 "
o1l /At o lzP/A0 2t | /Apt
= G * 9+ (G v ~ (ma) <4

where we integrated by parts twice for the third equality, and used the convolution properties f(x)
g(x) = g(x) * f(x) and (f(x) * g(x)) * h(x) = f(x) * (9(x) = h(x)) for the last equality. Note that
P(x) = W * (grad div ¢(x)) is just the Newtonian potential of (grad div ¢(x)), i.e., ¥
is the unique solution of Poisson’s equations
—Av =grad div ¢ in R",
{ YP(x) -0 as |x| — +oo.

It follows from regularity of elliptic equations that 09 € Co(R™) N C*°(R™) for given ¢ € ./ (R")
and any multi-index c.

According to the properties of strongly continuous semigroups on Cy(R"™) (see, Theorem 6 of [42]),
we get that for ¢ € .7 (R"), vy ,(x,t) := e Erug(z) satisfies the linear parabolic Lamé equations:

(2.25) Pt — iAvy, — (A + ) graddivoy, =0, x €R", ¢ >0,
' vau(T.0) = (x), x€R”,
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and the solution vy, is unique among vector fields with vy ,(-,t) € Co(R"), ¢ > 0. Moreover,
vy (2, t) is continuous in ¢ > 0 uniformly in € R", vy ,(,t) is continuously differentiable in ¢ > 0
uniformly in € R", and v, ,(-,t) € C*(R") N WZQO’Z(R”) with ¢ > n for any fixed ¢ > 0 (see, [42]).
In addition, for the given initial value ¢ € .#(R"), we see that (L) ,)"¢ € Co(R") N C*(R") for
all m > 0, that is, any order compatibility conditions hold (see, Theorem 6 on p.388 of [11]) for
initial problem (2.25). It is easy to verify by the regularity of solutions for linear parabolic system
(see, for example, Theorem 7 on p. 390 of [11], or [13]) that the solution v) , = e tIrug of the linear
parabolic Lamé equations (2.1) belongs to C*°(R™ x [0,00)). On the other hand, since L, , also
generates a strongly continuous semigroup on L?(R™), we get v au(st) € L*(R") for each t > 0. By
applying (2.25) and Green’s formula (see, [22], [33] or [32]), we have

1 Ollox (@, t)]1F2gn
2 - ot S / V(@ t) - (MAm,M(az,t) + (A + p) grad div Uw("”’t))dx
R’n

= _ / (ZN(Def vy u(x,t), Def vy (2, 1)) + A(div vy ,(x, t))2>d33

_ _/ (Vo O + O+ ) [diveon (1)) dr <0,

R”

where Defv := 1(Vv + (Vv)T) and (Defv,Defv) := iZ?,kzl | Ov; %}2. This implies that

oz, ox;
Jgn |02 (2, t)[*dz is a decreasing functon of ¢ in [0, 400), and hence

/ vy u(z, t)de < / |p(z)|*dx < C for all t > 0.
Rn n

(b) For ¢ € .7(R") and div ¢ = 0 in R", we set

e l®l?/4nt e~y /4ut
€Tr) =
n

vy(x,t) = ( W ¢(x —y)dy, x€R" t>0.

4t )™/ "o
Then div, (v#(w, t)) =0in R" x [0,00), and v, (x,t) is the unique solution of the equations

%—?—uszO, x eR™ t>0,
divv=0, xeR" t>0,
v(0,z) = p(x), xR

This implies that v, (x,t) is the solution of the Stokes equations (2.2) with p(z,t) = c(t). O

Remark 2.2. i) When A+p = 0, our explicit representation (2.8) for the solutions of (2.1) reduces
to the classical representation of the heat equations (see, for example, [21] or [13]).

it) The explicit representation (2.8) (as well as the fundamental solution (2.22)) for the solutions
of initial problem of linear parabolic Lamé equations will play an important role late.

i11) Throughout this paper, we always choose initial-value ¢ in the Schwartz space .#(R™). The
reason is that this kind of initial-value can ensure the solution of equations being C°°-smoothly ex-
tended to R x [0, 00) (including C*°-smoothly extended to initial time t = 0) according to the parabolic
compatibility conditions (cf. p. 288 and p. 290 of [11]).

3. Construction and inequalities of fundamental solutions for general linear parabolic
Lamé equations

3.1. Construction of fundamental solutions. In order to discuss the solutions u of (1.8),
we need to give explicit representations of solutions for the following general linear inhomogeneous
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parabolic Lamé equations:

(3.1) (% — pA — (A + p)graddiv + (b- V) —I—C)’U =f, zeR", 0<t<T,
o(x,0) = $(x), =< R"

with ¢ € /(R"), where the coefficient b(x,t) = (bi(x,t), - ,bp(x,t)) is a smooth vector-valued
function, e(x, t) = (dji(x,t))nxn is a smooth matrix-valued function, and b(x, ), c(x,t) are assumed
to be bounded and smooth. We denote M := —uA — (A4 p) grad div +b-V + ¢. Sometimes, we will

write %, (%xm %%’ - as O, 0%, 0L02, - - -, respectively. In Chapter 9 of [13], for more general

parabolic system (i.e., (1.6) on p. 239 of [13] with f; = 0)

N

(3.2) 88? => > Al(x,t)ogv, j=1,---,N,
=1 |al<2p

its fundamental solution has been constructed by the parametrix method (of E. E. Levi). An N x N

matrix I'(z,t;y,7) of functions defined for (x,t) € R" x [0,7T], (y,7) € R" x [0,T], t > 7 is said

to be a fundamental solution (or a fundamental matrix) of (3.2) if, as a function of (x,t) (x € R",

T <t <T), satisfies (3.2) (i.e., each column is a solution of (3.2)), and is such that

(3.3) lim I'(x,t;y,7)p(y)dy = ¢p(x) for all x € R™,
t—7t Rn
for any continuous function ¢(y) in R™ (see, p. 240 of [13]).

Now, we will construct the explicit fundamental solution I'(x, t; y, 7) for the linear parabolic Lamé
system (3.1) with f = 0 according to such a method. Rewrite the system (3.1), for f = 0, in the
form

0
(3.4) a—;}:—M'v: (= Lau—(b-V) =)o,
where Ly, = —ppAv — (A +p) grad div is the principal part of M, which is defined in (2.4) of Section
2. Let Z (¢ — y,t;w, 7) be the fundamental solution of the system

ov
ot
constructed in Section 2 (here the coefficients of L) , is taken at the fixed point (w,t) with w €
R", t > 7). Because Ly, is a uniformly strongly elliptic (vector-valued) operator with constant
coefficients (cf. [1]), the “first approximation” Ly , to M is independent of spatial parameter w € R",
so that we may take w =y, and Z) ,(x —y,t;y,7) (see, p.248 of [13]) can be exactly written as (cf.
Section 2):

(3.5) =—Ly,v in R" x[0,00)

32W>\’M(mfy,t77') L 82W)\,M(w{7y,t77)

e~z =yl /p(t-) ot O dn

(36) Z)\,u(:c_yvt;yaT) = I,+ : : )
) /2 : :
(47[-“(75 T)) 82W>\,u(mfy,t77') L 82W>\,u(mfy,t77)
Oxn 01 02
where
. | o—le—y /A2 (=) oyl /Ap(t—T) 1
. aple —y,t—7):= 3 " * n_
: (4r(A +2p)(t — 7)) /2 (4mp(t — 7)) 2] n(n = 2w,z — y"—?

1 e~ le—y—2zP/A0+2u)(t-7)  —le—y—z[>/4pu(t-7)
:/ n(n — 2)wn|z|" 2 ( nj2 n/2 )dz
R" n (Am(A 4 2p)(t — 7)) (4mp(t — 7))
Note that for the fundamental solution Z) ,,(«,t) in Section 2, we have taken 7 = 0 and replaced x —y
by x; but in this section, we always take 0 < 7 <t < T as in [13] and simply write Z ,(x —y,t —7)
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as Zx,(x —y,t;y,7). Following the parameter method (see, p.252, proof of Theorem 2 in §4 of
Chapter 9 of [13]), we have

t
(38) I‘(iB,t;y,T) = Z)\“u(fl;'—y,t;y,T) +/ dO’/ Z,\,u(m—w,t;w,a)@(w,a;y,ﬂdw
T R”
with @ is an n x n matrix. Let K be the n x n matrix whose jth row K is given by
(39) KJ (wv t; Y, T) = [ - MJ (CC, t, 8&:) - 5j8t]Z)\,,u(w -y, t; Y, T)
:[_%] (m) tu 8w)+]\40] (yu t; aac)]z)\,,u(m_y) t7 Y, 7-) —]\41](33’ t7 a:l:)Z)\,,u(:B_yv t? Y, T)
= (( - (b(xat) : vw) - c(w’t))ZA,p,(m - Y, t; yaT))jv
where §;0,Z ), = BtZi#, My;(x,t,05) = (L)\:H)j and Myj(z,t,0,) = (b(x,t) - Vg + c(w,t))j. Here

we have used the fact that My;(x,t,0,) = Moj(y,t,02) = (L)\’“)j for all (z,t), (y,t) € R™ x [0, 00).
It follows from the proof of Theorem 2 of Chpter 9, §2 of [13] that the series

o

(3.10) Bz, t;y,7) = > Kl t;y,7)

m=1
is convergent, where K1 = K,

t
(3.11) Knlwtigr) = [ do [ Ki(@tiw,0)Kpa(w,05y.7) do,
T R”

and

t 00
(312) I(z.t;y,7) = Zyulx —y, 15 y,7) +/ dff/ Zyp(@—w,tw,0) Y Kp(w,o;y,7)dw

T R m=1

is a fundamental solution of (3.4). The proof for the convergence of the above series (3.12) can be
found in §4 of Chap. 9 in [13].

Let ¢ € #(R"™), and let f(x,t) be a continuous vector-valued function in R™ x [0,7], Holder
continuous in & uniformly in bounded subset of R" x [0, T], and | f(x,t)| < Ae?®* in R" x [0, T]. It
follows from (4.27) on p. 256257 of [13] and Theorem 3 of [13] that

t
B13) v = [ Tean0owi - [ [ Tty fyodrd

is a solution of the initial value problem (3.1).

3.2. Basic inequalities. For any integers r,1 > 0, let us set

[Blereny =m0z
(3.14) [vlleremn o) = aler k<§¥13§w‘0<a<t\55653”(33,0)!,
E| = lgj;%)én |Ej| for a matrix E = (Ejk)nxn'

On p. 251 and p. 255 of [13], the following inequality was proved by A. Friedman for the fundamental
solution I'(x, t;y,7) of (3.1) with f =0:

Ca o [B—y[2/(t—7)

(3.15) 09T (, t;y, 7) || < (& —7)ntlans © ’

where 0 < |a| < 2, and Cy and ¢, are positive constants depending only on A, px, on bounds of
|0Pb(x, t)| and |02c(x,t)], (|h| < |a|). However, the inequalities (3.15) are not enough to obtain the
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global existence and regularity of solutions for the parabolic inertial Lamé system and Navier-Stokes
equations. This forces us to look for stronger inequalities.

It is well-known that for the initial value problem of scalar parabolic equation
(3.16) % —pAu+37% bj(az,t)(%; +cet,z)u=0 zeR*", 0<t<T,
u(x,0) = ¢(x), xe€R",

with continuous and bounded functions b;(x,t) and c(x,t) > 0, the maximum principle holds, from
which one has the following sup norm estimates:

(3.17) |u(z, 1)l crrxp) < 6llomn)-
In other words, the corresponding parabolic operator semigroup Ti¢p(x) := u(x,t) of (3.16) is con-
traction on Cp(R"), and (3.17) can also be got by the inequality of the fundamental solution:

e~ lz—yl?/4p(t—7)
(it — )"
where I'(z, t;y, 7) is the fundamental solution of (3.16).

(3.18) Tz, t;y, )| <

for any x,y € R™ and ¢t > T,

For a general linear parabolic Lamé system, the maximum principle may not hold true. However,
when the coefficients of equations are constants, we have the following theorem which plays similar
role as the fundamental solution and the sup norm estimates:

Theorem 3.1. Let n > 0 and A+ p > 0. Assume that b is a real constant vector and c is a non-
negative constant. Suppose that w(x,t) (respectively, T'(x,t;y, 7)) is the solution of initial problem
(respectively, fundamental solution) of linear parabolic Lamé system
(Q — pA — ()\+,u)graddiv+(b~V)+c>u:0, zeR" t>7172>0,
(3.19) ot
u(x,7) = ¢(x), = eR™
(i) Then the following inequality holds

. G ale-yP/-)
(3.20) 1Tz, t;y, 7l < =€ ;
furthermore,
(3.21) |u(z, )l c@n o) < Cllollewn),

where the positive constants C1, ¢1 and C are independent of A, b, ¢ > 0 and T, and depend only on
the Lamé constant p > 0.
(ii) Ifb=0 and c =0, then for any |a| > 0, the following inequality holds
Cqo
(t—7)ntlal/2
where the constants Cq, co are independent of A and T, and depend only on the Lamé constant
w > 0.

_ —yl?/(t—
(3.22)  [0zT (2, t;y, Tl = 105 Zx (@ —y, t;y, 7| < e~ calemyl/tmm)

Lemma 3.2 (see, Lemma 1 on p.242 of [13]). Let g(¢) be a continuous real-valued function in
the n-dimensional complex space C™ and assume that g(k¢) = k2g(¢) for any k>0, ( € C™, and

(3.23) 9(€) < —olé]* for all £ €R",

where o s some positive constant. Then there exists a constant a > 0 depending only on o such that

(3.24) ge+in) < —ZIE2 v aln® for all € € R",n € R™.
2
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Proof of Theorem 3.1. Let v(ax,t;7) be the (fundamental) solution of
9 _ _ ; . — n
(3.25) (at uA — (N + p) grad div + (b V)—I—c)v 0, zeR”, t>71>0,
v(e,7;7) =0(x)I,, xecR"

We write tentatively

(3.26) v, 7) = (zjr)n /R e a(g ) de,

where (&, t;7) is the Fourier transform of v(«, ¢; 7) with respect to «. Clearly,

GRS

ogv(x, t;T) =

1
(2m)"
Substituting (3.26) into (3.25), we have
(3.27)

(271)[31 (S =€ (€, 1:7) d€ ) — A o™ D&, 157) d) = A+ 1) grad div ( [ e 0(E, 1 7) d

+(b-V) (fRnewgﬁ(Eat; 7) df)—i-C(fRnem’gf}(&,t; T) d&)}:(), reR" t>71>0,
oy Jen €T (8(&,757) — 1) dE =0, @ €R™,
le.,
(3.28)
{@fweiw‘é [ 2+ €2 L, + A+ p) €T +i(b-€) I, +cI, | 0(€,1;7)dE=0, x € R™, ¢ > T,
ﬁ fRn eiw{(@(‘fﬁ; T) — In) d¢ =0, xecR"”

& - &é
where €¢7 := | : |. We first calculate the solution ©(&,¢;7) of the symbol equations
&bt - &
do(€,t;T A~ n
(3.29) —di 5D — —Ab(¢,1;7), TERY E>T,
v 7)=1,, xR

where A := pl€|2L, + (A + p)€€" +i(b- €)1, + cI,,. Set
t
B .= / IEP T+ A+ €€ +ib- )T, + eI, | ds.

For any n x n matrix M, the matrix exponential e is defined by Taylor series eM := Yo A,:[—,k It is
well-known that the solution (&, ¢; 7) of the ordinary differential system (3.29) can be obtained from
the resolvent expression (91, — B)~! of matrix-valued function B by the Cauchy integral formula:

1

e B = _/6_79(19171 -B)'aw, t>r,
2m Je

where ¥ € C, and C is a suitable curve (contour) in the complex plane C in the positive direction

around the spectrums of B. Therefore (see, for example, p. 16, §4 of Chapt. 1 of [44]),

(3.30) V(€ tT) = o~ (=) (HIEPTn+(\+)EET) — [11i(b-&) IntcIn]ds
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The above representation (3.30) follows from the matrix calculus of (matrix-valued) exponential

function:
d 5 _p( dB iB\ g B
—_— — _— — _— — —A
a’ " ( dt > < dt > ¢ c

and the fact that the three matrices —(t—7) (u!£|2I + (A + p)geh), f nlds, — f: [el,]ds
are commutable each other. Since ©(&,¢;7) is the unique solution of (3. 29) 1t follows from (3.28)
that

1
)= =L H(E,t;

oo )= g [ e a(e e

is the solution of (3.25). ©(,¢;7) is also called the Green matrix of (3.29) (see, p. 241 of [13]).
Now, we will estimate ||v(€,¢;7)]|| (i.e., sup norm of the Green matrix ©(&,t;7)). Clearly,

(3.31) o~ (=) (ulEP T+t )EET) — [11i(b-€) IntcIn]ds

o~ =) (WIEPI+O+)Ee™) = [1i(b-€)Inlds ,— [ lcIn]ds
Here we have used the well-known result that eF17E2 = ¢F1eF2 holds for any two n x n matrices E;
and FE4 if and only if BE1Ey = E9FE,. Since i(b- &) is a purely imaginary-valued function and ¢ > 0,
we have |||e” [ 1i(6:€) Inlds|| < 1 and ||e” /: cI”]d“”||| < 1, which lead to

(332) me— t—T)(u\£|2In+(>\+p,)££T)—fT [z(b'g)In—i-cIn]dsm < H’e—(t—T)<H|€‘217L+(>\+N)§£T) ||| .

It remains to estimate H|ef(th)(”E'QI”HAJF“)&&T)H\. Applying the Cauchy integral formula, we see
(cf. (2.12)) that

o~ t-nluler+ O] — L / e [T, — g — (A + p)ee”] ™
C

27

In Section 2, we have given the explicit expression: (91, —p|€*— ()\—HL)EST)_l =1((WI—Ly,)™t) =

= I, + pEA T (see, (2.18) and (2.20)). Combining this and (2.21) we have
I-uiel* (-] (o- arige) o (56 (2:18) and (2:20) s (221)

(333)  e--DHIEP+OEET] _ ~(-ruleP +’£1|2(e—(t—7>(x+zms|2 e g T,

Noting that A + 24 > p and |g|§§| < L forall 1 < j,k < n, we find by (3.33) that

(3.34) [|le= = HEP+OFmEET] ) < 9 o= (t=El®  for a1l ¢ € R™.
Combining (3.30), (3.31), (3.32) and (3.34), we obtain
(3.35) o(&, £ 7)[|| = |||~ (BEPTHOEET) = [l Inlds o= [llelnlds | < ge=(t=T)nlél?
Set
9(¢) = —ul¢* forall ¢ =¢+ineCm
Clearly, g(k¢) = —k?u|¢|? for any x>0, ¢ € C", and

g(&) = —pl€? for all £ € R™.

It follows from Lemma 3.2 that there exists a constant a > 0 depending only on the Lamé constant
W such that

(3.36) 9(€+in) < —TIE? +alnf’ forall £ € R"neR".
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Thus, in view of (3.35) and (3.36) we obtain

(3:37) o€ + im, ;)| < 2elt—m) (~81l+alnl),

On the other hand, we will regard (3.29) as complex ordinary differential equations (i.e., complex-
ification of variables & of the given differential equations). By a standard theorem for ordinary
differential equations, it follows that ©(({,t;7) are also entire functions of ¢ := & + in. Applying
Cauchy’s (integral) theorem and (3.37), we find that the matrix-valued function

1 A A
(3.38) T tiy.m) =L@ —v.ty.7) = 5w /R @V Etmg (¢ it T)dE (t > T)

is independent of 1 and, hence, coincides with the matrix-valued function defined by
1
(3.39) Mo~y tiy.r) = vlwtir) = oo [ oW a(e nmie
This point of view stems from a discussion in lines 8-11 on p. 245 of [13]. Using (3.37) and (3.38),
we get

(3.40) I (@ — y. tiy, Pl < (2i)ne-"~<w—y> o=l / el g
Noting that for any p > 0 we can choose ¢ := p such that
(3.41) pa= (" +q°)/2.
Taking ny, = |ng|sgn (zx — yx), Im| == |ml,
[z —y|

- n[2a(t — 1)]4/2’
and then choosing |n| such that (3.41) holds for ¢ = [2a(t — 7)]'/2|n|, we obtain
Yot (= ryaln = -
for some positive constant a; := 1/(4n%a) dependmg only on p. Substituting this into (3.40) we get
(342) H‘F(m —y,t ij)m < ( ne—m\mfyI?/(t—r) e*%(t77)|5|2d§'
m R

Just as the proof from line -5 to line -1 on p. 245 of [13], taking polar coordinates and then substituting
p = |€|(t — 7)'/2 we find that the integral on the right-hand side of (3.42) is bounded by a constant
times

a1|m—y]2

(e )+ (- Palnl? <l 2 Y -

oo
(t — T)"/2/ ,z)"_le_%p2 < const. (t — 1)/,
0

Substituting this into (3.42) we obtain (3.20), in which the constants C; and ¢; are independent of
A, b and ¢ > 0, and depend only on the Lamé constant u.
Moreover, for any € R™ and t € (0, 7], we have

.fm_(/n (@, 19, 0)(y) dy

< / T, £, 0) | [ bllcemy

1.
< [ GLpale- Y Bl cmydy = Cllllonys
Rn t
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which implies the desired result (3.20), where the constant C' = [g, ;37/12 e=c1le—yl*/ tdy is independent
of b, ¢ > 0 and T, and depends only on pu.

To prove ii) (that is, (3.22) for || > 0 under conditions b = 0 and ¢ = 0), as in p. 246 of [13], we
use the equality

1 Q i(etin)-(z—y) - .
T (w,t;y,7) = 0y Zx u(® —y, 1y, 7) = (27r)”/ (i(& + im)) * ST EWH(& 4 i, t; 7)dE.
It follows this and (3.40) that (cf. p.246 of [13])

(3.43) 03T (@ — ytiy. )] < aiglle @ VeI [ benlet ge

n

L aem @) alt=r)lnP /R €]l (-IER g

= J1 + Js.

To estimate Jy we proceed as in the case a = 0 and note that
oo
/ €]lele 50-71E g < const. (1 — T)(n+a>/2/ prtlal=1=40 4,
R" 0

const. (t — )~ (" HeD/2,

Thus J3 is bounded by the right-hand side of (3.22).

As for Ji, we also proceed as in p. 246 of [13], with p given, the ¢ for which (3.41) holds is p = q.
Since |n| is chosen so that ¢ = [2a(t — 7)]'/?|n|, we get

(3.44) il = (4= ) (-0

where ay := 1/(2na) depends only on p. Replacing the factor 5|l in J; by the |a|th power of the
right-hand side of (3.44) and estimating the remaining factors of J; as in the case a = 0 we see, upon
using the inequality t!/2¢=¢* < const. for any fixed ¢ > 0 and 0 < ¢ < oo, that J; is also bounded by
the right-hand side of (3.22). According to (3.43), the proof of (3.22) for any « is thereby completed.
In other words, we get the inequality (3.22) for the fundamental solution I'(x, t;y, 7). Since all the
associated constants in the above discussion depend only on p and are independent of A\, b, ¢ > 0
and T, so do the constants C4, c¢1, Cq, Cq. O

Remark 3.3. When A+ p =0, Theorem 3.1 becomes a classical known result for the fundamental
solution of the heat equations (see, for example, [13], [15] and [11]).

Lemma 3.4 (Young’s inequality, see, Theorem 1.3 of Chapter I, p. 3 of [41]). If f € LP(R"),
1 <p<oo, and g € LY(R™) then the convolution h = g x f is well defined and belongs to LP(R™).
Moreover,

(3.45) Al Lr@ey < N9l 2@y 1f || ey -

Theorem 3.5. Letn > 2, and let H™(R") = {h € L*(R")[0*h € L*(R") for |a| < m} be the
Sobolev space. Suppose that (e_“:%#)
H™(R"™), Then

(3.46) He*tLAvugz;HHmﬂ(Rn) < Ct2)| ||l gm@ny for any ¢ € H™(R™), 0<t <1,

i.e.,

3.47 e m(pny AL (RRY)) < Ct_l/Z, forall 0 <t <1,
L(H™(R™),H™ 1 (R™))

i~ 1 the strongly continuous semigroup generated by —Ly ,, on
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where the constant C' is independent of A, and depends only on u.

Proof. From (2.8) of Theorem 2.1 we know
e~ l®|?/4ut e~ lzl? /40 +2u)t ez /4pt

i 0@+ (G 3 (47wt)”/2> * (@)
where 1) is the Newtonian potential of graddive¢, ie., ¥(x) = W * (grad div¢(x)).

(3.48) e tng(x) =

Obviously, ¥ := 1 (¢) is a linear vector-valued function of ¢. Let the multi-indices a, 3 satisfy

la| < m, |B| = 1. Taking the partial derivatives 0%, respectively 292 on both sides of (3.48), we

@’

get
- elal /o
(3.49) o (e () = W % (029 (x))
e—lzl?/400+2p)t o—lel? /4ut )
<(47T(/\ +2u)t)n/2 (47Wt>n/2> * (05 (),
—|x|?/4ut
(3.50) B0 (e~ b)) — (c‘ﬁ(W)) 5 (02¢())

o8 el /40+2p)t e lxl?/4ut e

(% Grorgm ~ () 5#)

Here we have used the convolution property 0%(f *g) = (9%f)*g = f*(0%g). It follows from (3.22)
of Theorem 3.1 that there exist positive constants Cg, cg, Cg, ¢g (which are independent of A, and
depend only ) such that

- @ e—calz?/t

— $1/2 tn/2

—|x[?/4ut Ca e—csl@l?/t —|&|2/4(A+2u)t
e e e
(3.51) aﬁ( )‘ B B(( )

- NPz
(drpt)yn/2/)| = $1/2 /2 7 4(\ + 2u)t)n/2
Combining (3.49)—(3.50) and (3.51), we find by applying Minkowski’s inequality and Young’s in-
equality (see, Lemma 3.4) that for any |a| < m and |8| =1,

s il el /4t o
(3.52) |05 (e™ > d(@))| 2 gy = e * (05(@)
( o—le2/40+2)t e—|m|2/4ut> (B2p(2)
— * T
(4m (A +2u)t)"/2 (dmput)/? ‘ L2(R")
6_|w|2/4ﬂt
75 * (0 9()
(4mpat)n/2 ( )L2(R")
e |zl /40+2p)t e~ |zl? /4ut 5o
o ~ )+ 4@,
e—lel?/4ut
60{
(47wt)n/2 Li(En H b(z HL2 (R™)
o—lel?/4( A+2m @[ /4pt o
H( el e )| I L]

Haa¢ HL2 R™) +2Haa¢ )HL2 (R™)?
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- ‘(35 ((mt;l/)) « (02/())

B /A0 lal?/apt
_ 9o
(4 (N + 2u)t)"/2 (47wt)n/2)> « (05 ()

(353) 080z (e g(a)|

< L2(Rn)
(2 () )« Gm61)
* x
4 ILLt TL/Q z L2(Rn)
—lz[?/4(A+2p)t = |2 /4yt
e e
_ o
H( (47 ( /\+2u tyn/? (47wt)"/2>> * (05 () L2(R")
le A
&, o
— |zl /4(/\+2u) —|a[?/4ut
+02( -7 H5°‘¢ D gz
(A (N +2u)t)/2  (4dmpt)n/? Li(Rr )
1 Cﬁefcﬁ\fv\Q/t
el < A b g
172 /2 Ll(Rn)H m¢(m)HL2(Rn)
~ —églx|? —cglz|?
NE il R
+1/2 /2 L&) $1/2 /2 Lign) L*(R™)
/1 Cr/l —|—C
B B
= 172 Hag‘b(m)HL?(Rn) + /2 Haad’ )HL2 (Rn)?
—cglz|?/t 5 —eglx|?/t
where the constants Cg = Jgn %dw and C7 = Rn %dw are independent of A,
and depend only on pu. Therefore, for 0 <t <1,
(3.54)
CY+CY
L 1 2
| e (e HHmH(Rn = tUQHd) HH’"(R”) Tt [ (x )HHm(Rn)’
—c |m\ /t _z \m\z/t
where the constants C{ = 1+ max [p, %d:c and C§ = 2 + max [, %dm are

18]=1
independent of A, and depend only on p.
For given ¢ € H™(R"), since H™(R"™) = H{'(R"), there exist vector-valued (compact support)
functions ¢; € C°(R"™) such that ¢; — ¢ in H™(R™) as | — +oo. We define ; to be the Newtonian
potential of grad div ¢y, i.e.,

1B|=1

—Ay; = grad div ¢; in R",
Y, (x) - 0 as |z| — +o0.

Clearly,

(3.55) () = !

n(n — 2)wy|x|?"—2

* (grad div ¢(x))

1
n(n — 2)wy|x[?—2

= grad div ( * ¢)l(m)> = grad div 1,

where 1/31 satisfies the Poisson equation

(356) { _A{bl = ¢l in R,

() =0 as |x| = +oo.
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It follows from a direct calculation (see also, (3) on p.328 of [11], or (9.34) on p. 235 of [16]) that

/\D212’z’2dl‘:/ | Ay *dz,
Rn Rn

[ 10 = [ e
Rn Rn
This equality and (3.55) impliy

(3.57) / Wzl|2da::/ grad div v,|?dx
R R”
< [ 0%
Rn

:/ |y |*da.
Rn

From the first equality of (3.55) we have
1

3.58 [ =
( ) wwl(m) n(n_ Q)Ldn‘$|n_2
that is, 054, satisfies the following equations

—A(0S;) = grad div 03¢, in R,
09 (x) — 0 as |x| — +oo.

so that by (3.56)

x grad div 05 ¢ (x),

It follows from Green’s formula that
/ V(029 dw = |~ / (9291) - (A04p;)da
- ‘/Rn (924,) - (grad div (8§‘¢l))dx‘
= ‘_/n (diV (351/’5))((11" (a‘wxd)l))dw‘

< (/R \V(agzpl)}z)l/Q(/Rn \V(8;‘¢z)\2)1/2,
Consequently

(3.59) (/Rn \v(agwl)de) V2 (/Rn ]V(ag¢,)\2)1/2 for all |a| <m — 1.

By a similar way, we can get that

1
(3.60) / |V (02 (v, — ) |° da: / V(0% (¢ —r)| )"’ for all 1<l,k < oo, |a|<m—1.
Passing to limits in (3.59) and (3.57) as | — oo, we deduce
(3.61) 191 e rny < @l gy for any 0 <k <m

because of (3.60), where ¥ (x) =
that for any ¢ € H™(R"),

W * grad div ¢p(x). From this and (3.54) we conclude

C// C
o422 0(@meree < (55 + S )19 ey
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4. Existence and uniqueness of global smooth solutions for the parabolic inertial Lamé
equations

In this section we will consider the existence and uniqueness of global smooth solutions of the
initial problem for the parabolic inertial Lamé equations with n = 3:

(4.1) %—’;—uAu—(A+u)graddivu+(u-V)u:0, xeR" t>0,
' u(0,z) = ¢p(x), xcR™

Lemma 4.1 (Propositions 3.6 and 3.7 of Chapter 13 in [45]). If |B|+ |v| = k. Then
(4.2) I(DP)DIG N2 < Clf e lgllzze + Clf s llgllzee,

(4.3) 1f - gllee < CllFllzee gl g + ClLF | mellgllzoe
for all f,g € Co(R™) N H*(R™), where Co(R™) = {f € C(R") ‘ |f(x)| = 0 as |x| — +o0}.

Theorem 4.2. Given ¢ € ./ (R"™), there exists a Ty > 0 (which is independent of ) such that the
parabolic inertial Lamé equations (4.1) admits a unique solution w € C([0, Tp); H™ T (R?)NCy(R™)),
m > n/2, with the initial ¢. Moreover

(4.4) u € C®(R" x [0, Tp)).

Proof. In (4.1), for short, we suppress (t, z)-variables and set
Lyu:=—pAu— (A+p)graddive, @(u) = (u-V)u.
We convert (4.1) to the integral equation

(4.5) u(t) = e g / t eI (u(s))ds.
0

This equality is actually an equivalent expression of (3.13) for the solution if we replace f(y,7) by
—®(u(s)) (Duhamel’s principle, see, p.24 and p. 27 of [44], or p. 314 of [45]). Denote

(4.6) Tu(t) = e Hrng + /t e n @ (u(s))ds,
0

and put
X = H" ™ R") N Cy(R™), Y = H™R") N Co(R™), m > n/2.
From (3.46) of Theorem 3.5, we have that

(4.7) He‘tL“hHHmH(Rn) < C1t 2|k ggmgny for any h € H™R"), 0<t< 1,

where the constant C] is independent of A, and depends only on the Lamé constant p > 0. Note
that [|h[|gm@e) < [|R|| gm+1gny for any h € H™ ! (R"), and that H™(R"), (m > %), can be
compactly imbedded in C}(R™). This implies (u-V)u—(a-V)a = (u-V)(u—a)+ (u—a)-V)u €
C([0,T]; H™(R")) for any w,w € C([0,T]; H™(R")). Then, the following four conditions hold:
(a) e *ar: X — X is a strongly continuous semigroup, for ¢t > 0;
(b) @ :X — Y is Lipschitz, uniformly on bounded sets;
(c) e tran:Y = X, for t > 0;
(d) e Ern]lgyx) < 5—/12, for ¢t € (0,1].

It is easy to see that ¥ acts on C([0,77]); X), for each T'> 0. Fix o > 0, and set
(43) Z = {u e C(0,7); X)|u0) = &, u(t) - $llx < o}.
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We want to pick 7' small enough that ® : Z — Z is a contraction mapping. By condition (a), we can
choose T} so that ||e” 2w — p||x < /2 for t € [0,T1]. Now, if u € Z, then, by condition (b), we
have a bound || ®(u(s))|y < K, for s € [0,T1], so, using condition (d), we obtain

t
/ e nd (u(s)) ds
0 X

If we pick To < T small enough, this will be < /2 for ¢ € [0, T3]; therefore ¥ : Z — Z, provided
T < T,. To arrange that ¥ be a contraction, we again use condition (b) to get

[@(u(s)) — @(uls))lly < Ku(s) —als)|x,
for w,w € Z. Thus, for t € [0, T3],

(4.10) P - v@ls = | [ e [ (u(s) - B(a(s)]ds]|

< C1t' 2K sup ||lu(s) — a(s)| x;

and now if T := Ty < T5 is chosen small enough, we obtain ClTol/ ’K < 1, making ¥ a contraction
mapping on Z. Hence ¥ has a unique fixed point w in Z, solving (4.5). In other words, u € Z
satisfies

(4.9) < C1t'2 K.

t
(4.11) u(t) = e g + / e = (u(s))ds, 0<t<Tp,
0

or equivalently,

(4.12) %—’t‘—uAu—()\—i-u)graddivu—i-(u-V)u:O, xeR" 0<t<Ty,
) u(0,z) = ¢p(x), = €R™

Clearly, w € C([0,To); H™(R™)). Recalling that there is a continuously (compact) imbedding
H™YR") — CA(R™) for m > n/2, we thus have u, Vu € C([0, Tp); Co(R™)). Let us write (4.12) as

{ %—’t‘ — pAu — (A + p) grad divu = F(x,t), x€R" 0<t<Typ,
u(0,z) = ¢p(x), xR

with F(x,t) :== —(u(z,t) - V)u(x,t). Applying (4.3) of Lemma 4.1, we know (u(x,t) - V)u(z,t) €
C([0,To]; H™(R™)). By this and observing the equation (4.12), we immediately see that %—? €
C([0, To]; H™ (R™)). Tt follows from the regularity of linear parabolic system (cf. p. 384-388 of [11])
that w € L2([0, Tp); H™*(R™)) N C([0, Tp); H™ 1 (R™)) and 2% € L*([0,Tp); H™(R")). In view of
¢ € S (R™), we get that 09u(x,0) € Co(R™) for all |a] =m > n/2, so, we find by the compatibility
condition (cf. p.388 of [11]) that the smoothness of the ¢-derivatives can be extended up to ¢t = 0. We
can iterate (or bootstrap) this argument repeatedly, and also, via the system of equations (4.13), to
obtain the regularity of x-derivatives and t-derivatives of u, i.e., u € C*°(R" x [0, Tp]) (see, p. 382-390
of [11]).

Suppose there exists another solution @ € C([0, Tp]; H™ (R™)) satisfying (4.12). Then we have

(4.14)

(4.13)

W—pA(u—ﬁ)—(A—l—u)gmddiv(u—ﬁ)—i—(u-V)(u—'&)—l—(u—ﬁ)-Vﬁ:O, xzeR", 0<t<Ty,
(u—a)|,_,=0, xecR"

This is an initial-value problem of linear parabolic system for unknown vector-valued function u — @
with vanishing initial-value. Since w and Va is continuous and bounded in [0, 7p] x R"™, and Holder
continuous (exponent «) in @, uniformly with respect to (x,t) in bounded subsets of R™ x [0, Ty],
we immediately see that (4.14) has a unique solution w — @ = 0 by (3.13) and Friedman’s inequality
(3.15) (with a = 0). Thus, we have u = @ € C([0, Tp); H™(R")). O
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In the proof of Theorem 4.2, we have shown that the solution u of (4.12) is continuous bounded on
R™ x [0, To], where T is estimable from below in terms of ||@|| gmgny. But this bound is only valid
in a short time interval [0, 7p]. Our purpose is to find larger time interval [0, 7] in which the solution
still exists with T' > Tj. The following theorem (the so-called “maximum principle” for the solutions
of the parabolic inertial Lamé equations in three-dimensional Euclidean space) is a stronger uniform
control estimate, which will play a key role in our arguments:

Theorem 4.3. Let u > 0 and A+ p > 0, and suppose ¢ € . (R?). If u € C([0,T]; H™ 1 (R?) N
Co(R3)) N C™(R3 x [0,T]), m > 3, is the unique local smooth solution of

(4.15) %—1;—uAu—(A—i—u)gmddivu—l—(u-V)u:O, xR} 0<t<T,
) u(0,z) = ¢p(x), =€ R>.

with 0 < T < oo, then

(4.16) |u(z,t)llcmsxpr) < Clldllomsy for all 0 <t <T,

where the constant C' is independent of A and T, and depends only on p > 0.

Proof. 1. Set V:={g € Co(R?*) N C*>°(R?)|div g = 0}. Clearly, V is a linear space. Then, set
V7 = closure of V in H'(R?), j=0,1,2--- ,m+ 1.
It follows from the Hodge decomposition (see, p.553 of [45] or p.108 of [25]) that L*(R3) can be
decomposed into the direct sum of the following two spaces:
L*R*) =V (V)"
where
(VO)L = {k‘kz =gradp, p € HI(R3)}.
Obviously, V? and (V%)L the two subspaces of L?(R?), are orthogonal on each other (see, for
example, Proposition 1.16 of [34]). From the well-known identities
(4.17) div curl =0, curl grad = 0,
we also see (cf. Lemma 1.1 of Chapter 1 of [25]) that V¥ = closure of V in L?(R?), where V :=
{h|h=curlq, g€ Cl(R?*) N C>(R3)}.
Since w € C([0,T]; H™(R3) N Cp(R?)) N C=(R3 x [0,T]), m > 3 is the unique local smooth

solution of (4.15), it follows that w is just the unique smooth solution of the following linear parabolic
system with unknow vector field u:

(4.18) 9u _ pAw— (A +p)graddiva+ (u-V)a =0, xeR 0<t<T,
' w(0,z) = ¢p(x), xR

Applying the Hodge decomposition again (see, for example, Lemma 1.3 and Lemma 1.4 (on p.59) of

Chapter 1 of [25]) that the solution @ = wu of (4.18) can be uniquely decomposed into the superposition

of a transverse field and a longitudinal field:

(4.19) u=u=v+w,

where v € C([0,T]; CP(R3)) and w € C([0,T]; CF(R3)) are the transverse and longitudinal

fields, respectively, i.e., they satisfy the conditions

(4.20) dive =0, curlw =0.

This decomposition corresponds to uniquely decomposing the elastic vector field into an isometric
expansion part and an irrotational part. In particular,

(4.21) ¢=¢, + ¢, =v(0)+w(0), dive; =0 and curlgpy =0,
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where ¢, ¢, € Co(R3) N C*°(R3). Substituting (4.19) into (4.18), we find by (4.20) that

(4.22) {f”<”g;w> — pA(+w) — (A+p) grad div w+(u - V)(v+w) =0, = €R3, 0<t<T,

u(z,0) = ¢1(x) + ¢o(x), x e R
By Lemma 1.2 of Chapter 1 of [25], the longitudinal field w can be expressed by the gradient of a
scalar field

(4.23) w = grad p,
so that (4.22) can be rewritten as
(22 — pAv+ (u-V)v| + [22 — (A +2p)Aw+ (u- V)w] =0, 2R3 0<t<T,
(4.24) divv=0, culw=0, £zeR3 0<t<T,
v(2,0) + w(z,0) = ¢1(x) + Py(x), =R’
Clearly, (4.24) can be equivalently expressed as two systems:
%—MAU+(U-V)U:]‘, xeR3 0<t<T,
(4.25) dive=0, zcR3 0<t<T,
’U(ZB,O) = ¢1($)7 T E R?)

and

(4.26) curlw=0, zeR3 0<t<T,
’w(x,O):d)2(CC), :136R3,

where f is some vector field on R? x [0, 7.

2. We will further determine the vector field f. Denote by P the projection operator from L*(R3)
to V0.
Pr=nh, Vrc L*(R?),
where h € V' is given by the Hodge decomposition formula
r = h + grad p,

with div A = 0 in R3. For the given unique solution u of (4.15), we denote Ay(h) = (u - V)h,
Vh € VINCy(R?). Let ¢, € Co(R*)NC>®(R?*) NV be the transverse component of ¢ given in step
1. We consider the following integral equation:

(4.27) h(t) = e, 1 / 9008 PNy (h(s)) ds.
0

We denote

(1]

¢
Wh(t) i= et g, +/ e(t—s)(“A)P(Au(h(s))) ds,
0

and put
X =V™InCyR?), Y =V™NCy(R?), m>3/2.

Recall that u € C([0, Tp); H™H(R™)) € C([0, Tp); Co(R™)) for m > n/2. It follows that P((u-V)h)—
P((u-V)h) = P((u-V)(h—h)) € C([0,T]; Von H™(R?)) for any h,h € C([0,T]; Von H™ 1 (R?)),
and the following four conditions hold:

(a) e™®: X — X is a strongly continuous semigroup, for ¢ > 0;

(b)  PoAy: X — Y is Lipschitz, uniformly on bounded sets;

(c) e"2:Y — X, fort > 0;

(d) ™ zvx) < t%a for ¢ € (0,1].
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Obviously, =, acts on C([0,T]; X), for each T'> 0. Fix o > 0, and set

(4.28) Z ={h € C([0.T}; X)|h(0) = ¢y, [h(t) — d1]lx < o}

By condition (a), we can choose T} so that |[e**¢; — ¢ ||x < /2 for t € [0,Ty]. If h € Z, then, by

condition (b), we have a bound ||P(Ay(k(s)))|ly < K1, for s € [0,T1], so, using condition (d), we get
< O1t'2K;.

/ t =R PN, (h(s))) ds
0 X

If we pick T < T small enough, this will be < ¢/2 for ¢t € [0, T3]; therefore =, : Z — Z, provided
T < T,. We again use condition (b) to get

1P(Au(R(5))) = P(Au(h(s)]ly < K||h(s) = h(s)]x,
for h,h € Z. Thus, for ¢ € [0, T3],

@30)  Zu)O — B Ol = | [ D [P h() - Auh)]as]

< C1t'/K sup ||h(s) — h(s)| x;

and now if T' := Ty < T is chosen small enough, we obtain C77 01/ 2K < 1, making =, a contraction
mapping on Z. Hence =, has a unique fixed point h in Z, solving (4.27). In other words, h € Z
satisfies

(4.29)

t
(4.31) h(t) = D g, 4 / e=0D) p(AL (R(s))) ds, 0 <1< Tp.
0

Since div(et(“A)(bl) = 0 and div (fot e(t=9)A) P(Ay (h(s))) ds) = 0 in R? for each t > 0, and h €
CY([0, Tp]; VO n H™(R3)), it follows that

oh  0Oh

ot ot
and thus (4.31) is equivalent to

(4.32) g’t’ — P[pAh — (u-V)h] =0, he C([0,Tp); VO n H™(RY)).

According to the Hodge decomposition, there exists a p € C([0, Tp]; H'(R?)) such that
(4.33) P[pAh — (u-V)h] + Vp = pAh — (u-V)h.
Therefore, we get
Oh _ AR+ (u-V)h=-Vp, zeR3 0<t<Ty,
(4.34) divh=0, xeR3 0<t<T,
h(0,2) = ¢y (x), @€ RS,

Applying the regularity of linear parabolic system, we get h € C'1([0, Ty]; Co(R3) N V) N C®(R3 x
[0, Tp]). In view of the fixed point theorem of the Banach contraction mapping, it follows that (h, Vp)
is the unique smooth solution of (4.34) with h € V°, Vp € (V9. Subtracting (4.34) from (4.25)
gives

P N0+ (u-V)0=f+Vp, xR 0<t<Ty,
(4.35) divg=0, xzecR3 0<t<Ty,

0(0,x) =0, x¢cR3,
where @ = v — h. Tt is clear that there exists a unique Vp € (V°)+ such that

00

99
P[E—MAOnL(u-V)B]+VP—E*HA9+(U‘V)97
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and hence (4.35) can be equivalently written as

P[%‘j—meﬂu-vw} —fEVp-Vp, xR} 0<t<Th,
(4.36) divd =0, zcR? 0<t<Ty,

0(07 ZC) = 07 T < Rg’
Note that the adjoint equation of

co.— 2 — O + (u- V)0 =
ot
is
on .
Lin = 50 +pAn — (u-V)n - (divu)n =0,

where £* is the adjoint operator of £. Furthermore, (4.36) can be rewritten as

PLO)=Ff+Vp—Vp, xR 0<t<Ty,
(4.37) diveg=0, xzeR3 0<t<Ty,
0(0,x) =0, x¢cR3,

In view of (PL)* = L*P* = L*P, we see that the null-space of the operator £*P is just V. Note
also that the null-space of the operator £* P is exactly the all solutions of the following homogeneous
linear equations

L*P(n) =0, =xeR? 0<t<Ty,
(4.38) divnp=0, xcR3 0<t<T,
n(0,z) =0, x <R3

Since
(4.39) (PL(0).1) 2gs) = (0, (PL)M) 2 s
=(0,L°P(n)) 2ay forall ,m € H™(R3) N Co(R?),
we find from this and £*P(n) = 0 (see (4.38)) that
(4.40) (PL(0), M) 2(gsy =0 forall m € v

where (-, -) p2(gny denotes the inner product in L?(R™). This and (4.37) imply that the vector field

f + Vp — Vp is orthogonal to V' for each t € [0,Tp), i.e., f € C([0,To]; (V°)*) because Vp — Vp €
(VL. In addition, since (4.34) is a system of linear parabolic equations, the solution h of (4.34)
can be uniquely extended from R3 x [0,7Tp] to R? x [0, T] by the standard linear parabolic theory,
where the known vector field w is defined. Therefore,

(4.41) Fe (o1 (V).
3. Define W := {l € Co(R?) N C*°(R3) | curl I = 0}. Clearly, W is a linear space. Then, set

W/ = closure of W in H/(R3), j=0,1,2--- ,m+ 1.

From (4.17), it follows that W9 = (V9)L. For the given solution w of (4.15), define II, (k) = (u-V)k
for any k € C([0,T]; Co(RHNH™TLR})NW?P). Let ¢ € Co(R*)NC™(R*)NW? be the longitudinal
component of ¢ given in step 1. Consider the integral equation:

t
(4.42) k(1) = /053 g, 4 [, k() s,

where @ is the projection operator from L?(R?) to W©:
Qr =k, VrecL*R?),
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where k € W0 given by the Hodge decomposition:
r=curl g+ k
and curl k = 0 in R3. Define the operator

t
Ouk(t) = O+2WAg, 4 / et )OT2A QT (K(s))] ds,
0

and introduce the spaces
X =W NCy(R3), Y =W™mNCy(R?), m>3/2.

It follows that Q[(u - V)k] — Q[(u - V)k] = Q[(u - V)(k — k)] € C((0,T]; Wo N H™(R?)) for any
k,k e C([0,T]); Won H™ ! (R3)), and the following four conditions hold:

(a/) e 2WA . X 5 X is a strongly continuous semigroup for ¢ > 0;

(') Qoll, : X — Y is Lipschitz, uniformly on bounded sets;

() eO2WA Y 5 X fort > 0;

(d) |28 py xy < Ty, for ¢ € (0,1],

Clearly, ©,, acts on C([0,T]; X), for each T' > 0. Fix o > 0, and define
(4.43) 7 = {k € C([0,T); X)|k(0) = o, [I6(t) — dollx < ok
By condition (a’), we can choose T} so that ||efA22h, — ¢y|lx < /2 for all t € [0,T1]. If € Z,

then, by condition (b'), we find a bound ||Q I, (k(s))]|ly < Ki for s € [0,T1]. Using condition (d’),
we obtain

(4.44) < C1t'?K;.

/t e(t—s)()\+2u)AQ [Hu(k(s))] ds
0 X

If we choose T < Tj sufficiently small, this bound becomes < o /2 for all ¢t € [0,T5]; therefore
O : Z — Z, provided T < T,. Applying condition (') again yields

QI (K (s))) — Q(Iu(k(s)))lly < K[[k(s) — k(s)]x,
for any k,k € Z. Thus, for t € [0, T3],

(@45)  [Oulk)(t) = OuRIO] = || [ eI [QIlk(s)) ~ Thu((s)) s

< 112K sup |k(s) — k(s) | x-

Now, if we take T := Ty < T5 sufficiently small so that C1To' 2K < 1, then ©,, becomes a contraction
mapping on Z. Hence ©,, admits a unique fixed point k € Z, which solves (4.42). That is, k € Z
satisfies

¢

(4.46) k(t) = eV PR g, + / el IOEIAQ(T, (K(s))) ds, 0 <t <Ty.
0

Since curl (e +208¢,) = 0 and curl (f] et~ A+2AQ(IT, (k(s))) ds) = 0 in R? for each t > 0, and

k c C([0, Ty]; WO n H™H(R?)), it follows that

X

ok Ok
Q a - aa
and thus (4.46) is equivalent to
(4.47) Ok _ QA+ 2u)Ak — (u-V)k] =0, ke C(0,Tp); W n H™ ! (R?)).

ot
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According to the Hodge decomposition, there exists a q € C([0, To]; H*(R?)) such that
(4.48) QA+ 2p)Ak — (u- V)k] + curlg = (A + 2u) Ak — (u - V)k.
Therefore, we obtain the system:

9k — (AN +2u)Ak+ (u-V)k=—culg, zeR3 0<t<Ty,

(4.49) curlk =0, xcR3 0<t<Ty,
k(0,z) = ¢y(z), xR’

Applying the regularity of linear parabolic system, we conclude that k € C*([0, Ty]; W) n C*>(R? x
[0,Tp]). From the fixed point theorem of contraction mapping 6,,, we deduce that the solution k of
(4.34) is unique. By subtracting (4.49) from (4.26), we discover

%;tY — A+ 2uAY+ (u-V)y=—Ff+curlq, xcR3 0<t<Ty,
(4.50) curly =0, x€R3 0<t<Ty,
7(0,2) =0, z€eR’,
where v = w — k. There exists a unique curl § € (W°)+ such that
0 -
Q[a—z — (A +20)Ay + (u - V)’y} +curl g =

and hence (4.50) can be equivalently written as

)
a% — (A +2u) Ay + (u- V)Y,

Q[%’Z — (A 2u) Ay + (u - V)v} =—f+4+curlg—curlqg, xcR3 0<t<Ty,
(451) § curly =0, zeR3 0<t<Tp,

~(0,z) =0, = ¢cR3
Recall that the adjoint equation of

0
L~ ::a—Z—()\+2u)A7+(u~V)7:O
is
. B :
E,6::E—F(A—FQM)A[?—(u~V),8—(d1vu)ﬁ:0,

where £* denotes the adjoint operator of £. Furthermore, (4.51) can be rewritten as
QL) =—f+curlg—curlqg, xcR3 0<t<1Ty,
(4.52) curly =0, =xcR3 0<t< Ty,
~(0,z) =0, = ¢cR3
Due to the fact that (QL)* = L*Q* = L£*Q, the null space of the operator £*@ is precisely wo.
Note that the null space of L*Q consists of all solutions to the following homogeneous linear system:
LQ(B)=0, zeR3 0<t<Ty,
(4.53) curl3=0, xcR3 0<t<Ty,
B(0,z) =0, x <R3

Since

(454)  (QLM),B) sy = (V. L*Q(B)) pogsy for all v, 8 € H™HR?) N Co(R),
and £*Q(n) = 0 (see (4.53)), we conclude that

(4.55) <Q£(7),B>L2(R3) =0 foral B8ec WP

This implies that the vector field f 4 curl q — curl g is orthogonal to WY for each t € [0,Tp],
ie., f e C([0,To]; (WOL) = C([0,Tp); V). Moreover, since (4.49) is a system of linear parabolic
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equations, its solution k can be uniquely extended from R3 x [0,Tp] to R? x [0, T] by the standard
linear parabolic theory, where the known vector field u is defined. Therefore,

(4.56) —f € C(0, T (W)h) = C(0, T} V7).

By virtue of V0N (V9L = {0}, we find by (4.41) and (4.56) that f = 0 in R? x [0, 7]. In other
words, if w € C([0,T]; H™H(R3) N Co(R3)) N C=(R? x [0,T]), m > 3, is the unique local smooth
solution of (4.15), then, by (4.25)—(4.26), there exist two vector fields v and w, respectively, satisfying

%—MAv—I—(u-V)v:O, xeR3 0<t<T,
(4.57) dive=0, zcR3 0<t<T,
’U(QE,O) = ¢1(x)7 UAS Rg'
and
9w (A4 2p)Aw+ (u-V)w=0, zeR3 0<t<T,
(4.58) curlw =0, z€R3 0<t<T,
w(w,0) = py(x), =€ R,
Conversely, If two vector fields v and w satisfy (4.58) and (4.57), respectively, then v + w = u

uniquely satisfies the initial problem (4.18) (or equivalently, (4.15)) by employing w = grad p (see,
(4.23)).

4. We will show that

(4.59) [vlle®sxpo) < ld1llems),
(4.60) lwlle®sxpo.r) < [P2llcrs).
where v, w, ¢, ¢, are given in (4.57), (4.58) and (4.21). For arbitrary fixed € > 0, let v(x,t) :=
e~v(x,t), w(x,t) = e “w(x,t) and a(x,t) = e “u(x,t) for all z € R3. Note that v,w €

CY([0,T]; C4(R?)) N C*(R3 x [0,T]). Then, from (4.57) we get that [9]> = e 72 (v? + v3 + v3)
satisfies the equation
0

(4.61) §|6|2+2e\f)]2+u-V|f1|2—Quﬁ-Afb:O.
Since 29 - Av = A|9|?> — 2|V|? we get

0
(4.62) 192+ 2652 + u - V5] + u(= Al +2/Vo[?) = 0.
Therefore, if | 9|2 has a local maximum at (x,t) € R3x (0, 7], then %|’l~1|2 >0,V|[o]?=0and A|9)?> <0
at this point (x,t). This implies that the left-hand side of (4.62) is positive unless |9|> = 0. Hence
(4.63) lo(@®)][ze> < e“[lv(0)] Lo

Now (4.59) follows because € > 0 was arbitrary.
Similarly, since (4.58) has unique local smooth solution w, it follows that |w|* = e~ (w]+w3 +w3)
satisfies the equation

a9, . ) ) ) )
(4.64) Sl + 2o + - V][ + (A + 21) (_ Alw|? + 2\Vw]2> ~0.

If |w|? has a local maximum at (z,t) € R® x (0,7] then 2|w[*> > 0, V|@|? = 0 and Al@w|? < 0 at

this point (z,t), which imply that the left-hand side of (4.62) is positive unless |w|?> = 0. Hence
lw(®)]|ze < e“[lw(0)] L=,

which leads to

(4.65) |wllemsxjom) < llo2llcms)-
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Since the solution u of initial problem (4.15) is unique in C([0, T]; H™(R3) N Co(R3)) N C*°(R3 x
[0,77), we see uw = v + w. Combining (4.19), (4.22)—(4.57), (4.59), (4.65), we get the desired result
(4.16). O

Remark 4.4. Theorem 4.3 only holds when n = 3 because we have used the Hodge decomposition of
3-dimensional vector field, in which the curl concept can be exactly defined for n = 3. However, our
method is not suitable for n > 4.

We remark that although (4.1) is a nonlinear parabolic system of equations, it is still a real analytic
system. According to continuity method, the solution w € C([0, Ty); H™ 1 (R")) can be smoothly
extended to a larger domain R™ x [0, T] with T' > Ty such that w € C([0,T]; H™(R")). We will
give a criterion for the so-called “supremum of existence time” of the solution.

Lemma 4.5. Letn = 3, and let ¢ € S(R"). If u € C([0,T]; H"(R")) n C>(R" x [0,T]),
m > 5, is a local smooth solution of (4.15) such that T* € (0,00) is the supremum of all existence
time T' of the solution (i.e., no smooth solution exists on [0,T*]), then supy vy ()| g1 gny = 0.

Proof. Suppose by contradiction that there exists smooth solution w € C([0,T]; H™(R")) N
C*(R™x[0,T]) of (4.1) for each T' € (0,7*) and there does not exist smooth solution on R" x [0, T™],
but

(4.66) sup [[w(?)]| g1 (gny < +o0.

[0,7)
In view of Theorem 4.3, we get that there exists a positive constant C', which is independent of A and T'
and depends only on p, such that ||u||crn xjo,m) < C|l@||rn for any T' € (0,7*). Therefore, from this
and (4.66) we have sup [lullo@nxor)) < +oo and  sup [[(w- V)ull 201y, 2mn)) < +00. Let
Te[To,T*) Te[To,T*)

us define a new function F'(x,t) := —(u(x,t) - V)u(zx,t) for & € R", t € [0,77] by giving some finite
vectors on the boundary {T*} x R™. Clearly, F € L?([0,T*]; L*(R")). It follows from the existence
and uniqueness of weak solution by Galerkin approximation (see, Theorems 3, 4 on p.380-381 of
[11]) there exists a weak solution w* € L2([0, T*]; H*(R™)) of (4.1), with 88%* c L2([0,T*]; H~Y(R™)).
Furthermore, since ¢ € .#(R"), by regularity (see §7.1.3 of [11]) and by using bootstrap argument,
we get u* € C([0, T*]; H™H(R™))NC>(R™ x [0, T*]). This is a contradicts, which implies the desired
result. g

Theorem 4.6. Let n =3, and let u € C([0,T]; H™(R")) N C=(R" x [0,T]), m > 2, satisfy

U Au— A+ p)grad divu+ (u-V)u=0, xR, 0<t<T,
(4.67) ot a
’u,((),m) = ¢($), xR,

then

d 2 2 2
(468) %Hu(t)HH’C(Rn) < Ck HUHLO"(R")”UHHIC(Rn)a fOT all k= 07 17 2; e, M
where the constant ci, is independent of A, and depends only on u > 0 and k.

Proof. Noting that H™(R") = H"" (R"), m > 5, we find by compact imbedding theorem and
trace theorem (see, Theorems 1 and 2, on p.274-275 of [11]) that limx|_, o 0%u(z) =0, |a < 1.

First, by taking the inner product of w and equations (4.67) in L*(R"), applying Green’s formula
(see [33] or p.471 of [44]) and A+ u > 0, we find that

(4.69) ;thu(a:,t)HQLQ(Rn):/Rnu(w,t) (uAu(:p,t)—i—()\—i—,u) grad divu(w,t)—(u(w,t)~V)u(w,t))dx
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- / (QM(Defu(w,t),Defu(a:,t))—i—)\(div u(x, 1))
Fu(z,t) - (u(z,t) V)u(w,t))da:
_ / (] Vs, O+ (A + ) (div (e, 1)
(e, t) - (ulz,t) - V)u(a:,t))da:
< —/Rnu}Vu(ac,t)Fdij )/ w(w, ) - (u(w, ) - V)ule, Oz,

where Defu := 1(Vu+(Vu)?) and (Defu, Defu) := 1 ZJ kel ‘gu] —1—8“’“ } . From Holder’s inequality,
Theorem 4.3 and (4.2) we get

Ou(z,t)
(4.70) /nu(m,t) (u(z,t) - V)u(z,t)dz| = /nj;l w(x, t) uj(x, t) ————= oz, dx ‘
6ul
Z HUZHLOO Rn)||uj||L2 re) T w2 Rn)HuJHLOO(R" H ‘ L2(Rn)

j :
< cof|uf| oo mn) |l 2y VU] L2 (R
2
3 2 2 2 2
< ﬂ”uHLO"(R”)Hu”L%Rn) + §||VUHL2(R

where positive constant ¢y is independent of A, and depends only on p > 0. It follows from (4.69)
and (4.70) that

d 3
(4.71) @ D@ < 2 ||uHLoo ko |8l 2 gny -
Next, since u € C([O,T];Hm+1(R”)) N COO(]R” [0,T]) satisfies (4.67), we get (u - V)u €
C([0,T]; H™(R™)). Write (4.67) again as

%—1;—uAu—()\+,u)graddivu:—(u-V)u, reR" 0<t<T,
u(0a$) = ¢($), x € R",

and applying regularity (cf. §7.1.3 of [11]) and bootstrap argument we get w € C([0, T]; H™2(R™)),

so that by trace theorem (cf. p.274-275 of [11]) we have

(4.72) lim Awu(x,t) =0 for each fixed ¢ > 0.

|| =400

By taking the inner product of Aw and equation (4.67) in L?(R™), applying Green’s formula and
A+ p >0, we get

(4.73)

;dtHVu(w t)Hiz(R,,,):—/Rn(Au(m,t)y(MAu(zc,t)+()\+,u) grad divu(m,t)—(u(az,t)-V)u(m,t))dm

— [ (du(@, 0+ 0|V (v u(a, )P
— (Au(z, 1)) - (u(,t) - V)u(, t))dx
<- / w(Au(z, b)) da:+‘/n Au(z, 1)) - (u(z,t) - Viu(z,t) dz|.
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Because of
(4.74) / (Au(w, 1)) - (w(w, £)-V)u( )8“18(;” .Y dm‘
" jl 1 J
ou
< Z (s el O [T S

< C3HUHL°° ') ||Vl g2 oy [ Al 2 gn)
2
C3 2 2 I 2
< EHUHLW(RH)HVU’HLQ(R@ + §”AuHL2(]Rn)7

it follows from (4.73) and (4.74) that

d 2 T 2
(4.75) 2 IVu(@ )2 gn) < EHuHL"o(R”)||vu”L2(Rn)-
Consequently, (4.71) and (4 75) imply

(4'76) Hu T, t HHl (R™) <C4||uHL°° RW)HUHHI (Rm)?

where constants cj, co, c3 and c4 are independent of A, and depend only on y and n.
Now, taking the Laplacian on the both sides of (4.67) we have

(4.77) %—MAQU—(A+u)Agraddivu+A((u-V)u) =0, xzeR"0<t<T,
’ Au(0,z) = Agp(x), x e R™

Since ¢ € .#(R"), by taking the inner product of Au and (4.77) in L?(R") and applying Green’s
formula, we get the following inequality

(4.78)

> dt||AuHL2 & = /H(Au) . (,quu + (A + ) Agrad divu — A((u - V)u))dm

= —/n (u!V(Au)]Q (A + )| A divul? dac—/ Z (Auy) [A(uj 8:17]”613:

< /M|V(Au %dx +

/ZAUZ [us(a 8“”)+(A )g 12V, V(ng)]d:v‘.

By Green’s formula, we see that

0 ou 0
(4.79) /nz Aul u] ul) (Au])a l—|—2Vu] V(agj)} dx
8u1 oy auj
(A Auj)(A=—) —w(Au) (A =—)|d
w) () — w(Aag) (AGH) —w(dw) (A ) [
jl 1
O(Awy) 0%y ‘
2 / S dx
Pt Oxy,  O0x0x;

< csllull poo o | Al L2 (e IV (A g2 ny + collull oo g |V (D) g2 en D] g2 zn)-
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It is well-known (see, for example, (3) on p.328 of [11], or (9.27) on p. 230 and p. 235 of [16]) that if
Aw € L*(R™) and lim g, o w() = 0, then there exists a positive constant ¢; depending only on n
such that

n

azw 2 1/2 2
"o J

From this and (4.79) we obtain

N oy oy
(4.81) / Z} Au, uj AGe)+ (Bug) 5+ 2Vu; -V ( az])} dz

< C8||“'||L°°(R")”AUHLQ(R")”V(AU)HLQ(R")

u
Qinuuw ry B0l gy + GV (A% G2z,

so that by (4.81) and (4.78)

d 02
(4.82) 1Ay < 2 e | A

where positive constant cg is independent of )\, and depends only on u > 0.
Similarly, using bootstrap argument and regularity, taking the inner product of A%u and equations
(4.77), and applying Green’s formula we get

d
(4.83) P (A0) By < 2 O e ey 9 (00 3

Repeating this procedure again and again, we can get (4.68) for all 4 < k < m. O

Lemma 4.7. (i) (Gronwall’s inequality of differential form). Let ((-) be a nonnegative,
absolutely continuous function on [0,T], which satisfies for a.e. t the differential inequality

(4.84) ¢'(t) < p(t)C(t) + w(t),

where p(t) and w(t) are nonnegative, summable functions on [0,T]. Then
. t
(4.85) ¢(t) < elo p(s)ds [C(O) +/ w(s)ds} forall 0 <t <T.
0

(i) (Gronwall’s inequality of integral form). Let x, ¢, p be real-valued continuous functions
for0<t<T andlet p(t) >0 for 0 <t <T. If

(4.86) C(t) < x(t) + /0 p(1)C(r)dr for 0<t<T,
then

(4.87) C(t) < x(b) + /Otp(T)x(T) exp VT

t
p(o) da} dr  forae 0<t<T.

Now, we can prove the main theorem of this section:

Theorem 4.8. Letn = 3, and let p > 0 and A+ u > 0. Given ¢ € S (R"), there exists a
global strong solution w € C([0,00); H™T1(R™) N Cy(R™)), m > n/2, of the inertial parabolic Lamé
equations (4.1). Moreover, this solution is unique and u € C*(R" x [0,00)).
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Proof. From Theorem 4.2, we know that for given ¢ € .#(R"™), there exits a Ty > 0 such that
the initial problem (4.1) admits a unique smooth solution w € C([0, Tp]; H™1(R™)). Recall that
T* > 0 is the supremum of all existence time T of the solution for the initial problem of the inertial
Lamé equations. It follows that either 0 < T < oo or T* = +o00. Suppose by contradiction that
0 < T* < +00. According to Lemma, 4.5, we get

(4.88) R CIG——
(0,7%)

On the other hand, it follows from (4.16) of Theorem 4.3 that

(4.89) lu(z, t)llc@nxo,m) < Cllollcrn

for all T' < T™, where the constant C'is independent of A\ and 7', and depends only on u. By Theorem
4.6, we see that for any ¢ € [0, 7] with T < T*,

d
(4.90) ) 2y < el sy 1) s gy

where the constant ¢ is independent of A, and depends only on u. Therefore, we find by Gronwall’s
inequality (4.85) and then by (4.89) that for any ¢ € [0,T] with T' < T,

Lot |lw(s)|| % mn, ds
(4.91) ”u(t)H%—Il(R”) < Hu(o)HzHl(Rn) elo Al
c1C 2
S H‘b”%{l(Rn) et 1 ”d’“c(R ).

Note that T*¢;C ||¢||QC(R,1) < +o0 since the positive constants C' and ¢; are independent of A, and

depend only on . (4.89) and (4.91) rule out the blowup of w(t) in the H'(R") norm as t — T*,
which contradicts (4.88). Thus, we must have T* = +o0, i.e., the solution can be smoothly extended
over [0, 00), as required.

Now, we can show that the solution w of initial problem (4.1) is unique and smooth. It suffices to
show that for any given T > 0, the solution w € C([0, T]; H™ " (R"™)) of (4.1) is unique and smooth.
Completely similar to the last part of proof of Theorem 4.2, if @ is another solution of (4.1), then we
get

@) A (u—a)— (A+p) grad div (u—a) + (u-V) (u—a)+ ((u—a)-V)a=0, = € R, 0<t<T,
(u—u)(0,) =0, xecR"

which is a linear parabolic system with unknown vector-valued function 4 — @ and zero initial-value
when we regard u and Vu as known coefficients. Thus, we have u = w. Finally, we can bootstrap to
show that solution is C*°-smooth in R™ x [0,7] by standard regularity of parabolic equations (see,
§7.1.3 of [11]). O

Remark 4.9. i) As pointed out before, when setting A+ p = 0, the inertial Lamé equations reduce
to the viscous Burgers equations

{%;‘—uAu%—(u-V)u:O, xeR" t>0,
u(0,z) = ¢p(x), xeR",
Thus, we have actually proved the existence, uniqueness and smoothness of the solution of the initial
value problem for the viscous Burgers equations with n = 3 (cf. [18], [48], [37], or p. 324 of [45]).

it) For the parabolic inertial Lamé equations, as in the case of linear parabolic Lamé equations,
the initial ¢ € . (R3) will ensure any-order parabolic compatibility conditions to hold, so that the
corresponding solutions can be C*°-smoothly extended to R x [0, 00) (including C* smoothly extended
to the initial time t = 0) by using reqularity and bootstrap argument.
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ii) More importantly, the short-time solution wy,(t) of the inertial Lamé equations can be
uniquely obtained by an iterative sequence of the contraction map Ww(t) = e~ Frn qb+f0 e~ =) aud(w(s))ds
for given initial value ¢p. This provides a useful way to calculate the solution of (4.1) in the calculation
mathematics and calculation physics.

w) If the initial value ¢ € H™(R?) N CTT(R?), (m > 3), then from the above discussion, we
can get a unique global smooth solution w € C([0,00); H™TY(R3)) for the inertial Lamé equations

(4.1), with T2 € C((0, 00); H™ -2 (R3)).

5. Existence and uniqueness of smooth solutions of the Navier-Stokes equations

From now on, we will assume n = 3, ¢ € .(R") and divegp = 0 in R". As shown in the above
section, for such an initial value ¢, the inertial Lamé equations

%—uAu—()\—i—,u)graddivu—i—(u-V)u:O, xeR" t>0,
u(0,z) = ¢p(x), xcR™

has a unique global smooth solution wu(x,t) € C([0,00); H™TH(R™) N Cy(R™)) N C°(R™ x [0,00)),

m > n/2. Since the Lamé constant p > 0 is fixed in advanced, for convenience, we will denote the

unique global smooth solution of (5.1) as wy ,(x, t) corresponding to each Lamé constant A € [—p, 00).

(5.1)

Proof of Theorem 1.1. We first consider the case of solutions in finite time interval [0, 7] for any
fixed T > 0. It follows from imbedding theorem and trace theorem that H™™'(R") c C}(R") for
m > n/2. We thus have that u, ,(x,t) € C([0,T]; H™ ™ (R")) n C([0, T]; C(R™)), and that w, ,, is
also a smooth vector-valued function with respect to the parameter A\ because the solutions of the
parabolic system depend smoothly on the coefficients of the equations. From (4.16) of Theorem 4.3,
we know that for any ¢ € [0, 77,

(5.2) luru(®, t)llcwn) < Cléllcwn),

where the constant C' is independent of A\ and 7', and depends only on p. According to (4.68) of
Theorem 4.6 we know

d 2
(53) %Hu/\,u(mv t)HHk(R") < Ck||u>\,u($7 t)H2C(R")||u/\,u(ma t)”ilk(Rn)? for all k = O’ 17 2> s, M,
so that by Gronwall’s inequality and (5.2),

t 2
(5.4) et (2, ) g oy < [0 (5, 0) |2 g0 12 amy

< ||¢||zk(Rn)etckC“‘ﬁHzc(Rn) forall k=0,1,2,---,m

where the constant c;,C is independent of of A, and depends only on p and k. By setting F'y ,(x,t) :=
—(up u(x,t)-V)uy (2, t), we find from the above discussion that F' , € C([0,T]; H™(R")). Clearly,

(5.5) Fy, € L*([0,T); L*(R™))

and

T T
56 | Pt = [ [ 1o P dede <
0 0 n
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where the constant M is independent of A, and depends only on pu,T. Thus, our discussion becomes
to first consider the initial problem of the following linear parabolic system (cf. [27] or §7.1.2 of [11]):

(5.7) { 6%” ;,qu(L,\)H (A4 p)grad div uy , = Fy u(x,t), xe€R", 0<t<T,
0, o(x), x=eR".

Since H'(R") is a separable Hilbert space, we can arbitrarily choose a basis {w) 152, of H LR™). As
obtained in the above section, uy , € C([0,T]; H™(R"))NC>(R"x[0,T]) and | l|im oguy ,(x,t) =
x| —00

0 for all @] < 1 and 0 < t < T. By taking the inner product of uy, and (5.7) in L*(R") and
employing Green’s formula, we get

1d .
Sdi HUA,M (t) HiQ(R") +ﬂ”vu>\,u (t) HQLQ(Rn) +(A+p) Hdlv uy (1) Hiﬁ(Rn) = <F/\,u (), urp (t)>L2(Rn)a
so that

t
(5-8) Hu&u(t)HQH(Rn) + 2/0 <HHvu)\,u(S)H2LQ(Rn) + (A + p)|div u/\,u(S)HQL2(R")>d5

t t
<l + [ s rgeoys+ [ frsliaoyds. 0T

where (-, -) ;2(gny denotes the inner product in L?(R™). Note that we have used the Holder inequality:

)<F>\,M(t)>u>\7u(t)>L2(R") =35 <HFM )Hi2(R") T Hu%u(t)HiZ’(Rn))'

Hence
2 2 t 2 t 2
HU’)\:N(t)HLQ(]R") = H¢HL2(R”) +/0 HF/\v#(S)HLQ(R")dS +/0 H“A»u(s)HH(Rn)d*g’ O0st=<T,
or simply
t
(5.9) funs 2y < C1s 6.7 +/O Jurs () [2enyds, 0<E<T,

where C(u, ¢, T) = |¢]? L2@n) T M denotes the constant which is independent of A\, and depends

only p, ¢ and T, where M is the constant given in (5.6). Employing Gronwall’s inequality to (5.9),
we deduce that

(5.10) {uxu(t) }ag[—p,00) 18 @ bounded set of L>([0, T7; L?(R™)),

(5.11) {1 (t) Fre[-p,00) 18 @ bounded set of L%([0, T]; L*(R™)).
Using (5.8) again, we get

t t t
2/0 /‘HVUM(S)H;(Rn)dS < H¢|’2L?(Rn)+/0 HFM(S)Hf:Z(Rn)d“'/O H“AM(S)HZLZ(Rn)d& 0<t<T,

which and (5.11) implies that

(5.12) {Vur () Fa[—p,00) is @ bounded set of L%([0,T]; L*(R™)).
By observing the system (5.7), we know azg;’“ € C([0,T]; H™ Y(R™)). Taking the inner product of
equations (5.7) with 81”877#(15) in L?(R™), we have

1d 811,)\#@)

Ouy ,(t) |12
H ot ‘LQ(R”) 2dt

(T2 () ey Ot Y s O Gy ) = (a0 =50 )
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and integrating the result in [0, T, obtaining

2
(5.13) U ()2 gy + 0+ )iV 2 (D] /‘H

OU)\M )‘
Os

s

L?(R™)
smvw;m@+Anmem;W¢w 0<t<T.

Here we have used the condition divuy ,(0) = div ¢ = 0. Therefore

Ouy i ( )‘2

514 [ Vs + [ | 232

where M is the positive constant given in (5.6). It follows that

LZ(Rn)dS < MHVW@;(RR) +M, 0<t<T,

(5.15) {Vuy ,(t) Fre—p,00) is @ bounded set of L>([0,T7; L?(R™)),
ouy ,,(t) .

1 T TAHAT d fL2 .12 n ]

(5.16) { ot })\6[—% ) is a bounded set of L([0,7; L*(R"))

As shown in (4.72), limz| oo Auy (2, t) = 0 for each t € [0, T]. Taking the inner product of Auy ,
and (5.7) in L*(R") and employing Green’s formula, we obtain

2dtHvu/\M HLQ(R" +pl[ A (1 HL2 ®y T (A+p)||div Ve, (¢ HL2 R") :7<F>\7M(t)’Au/\vﬂ(t)>L2(R”)’
so that

t
Hvuk,u(t)HQL?(Rn) + 2/0 (“HAUA,M(S)HQH(R@ + A+ p) | div VU)\#(S)HiQ(Rn))dS

t 1 t
< IVt | P oy tst [l dwr (9 ads. 0T,
This leads to

t t

(5.17) /0 F‘HAUM(S)HQL?(Rn)d‘S = “v¢|’iQ(R")+/O iHFA,u(SWf:Q(Rn)dS' 0<t<T,
i.e.,

(5.18) {Awu) 4 (t) re[—pu,00) 18 @ bounded set of L%([0,T]; L*(R™)).

In addition, by (5.4) we actually get that for each fixed k > 0,

(5.19) {uau(t) Fag[—p,00) i @ bounded set of L2([0,T); H*(R™)).

Next, we arbitrarily choose a sequence {\,, }5°_; such that —pp < Aj < Ag < -+ < Ay < -+ — +00.
Then the conclusions (4.85), (5.10), (5.11), (5.12), (5.15), (5.16), (5.18) and (5.19) still hold when
the set {)\} — 1 < XA < oo} is replaced by the sequence {\;,}7°_;, since all our estimates above are
independent of A, and depend only on x, ¢ and T'. Note that L2([0,T]; H*(R™)) is a Hilbert space for
each non-negative interger k. Note also that L'([0,T]; L*(R™)) is a separable Banach space, and its
dual space is L>=([0, T]; L*(R™)). By compactness theorem, we find that there exists a subsequence

{Am, 122, of {\n}°_; and a vector-valued function w, € L%([0,T]; L*(R")) such that as [ — oo,

(5.20) wy,, u(t) = wu(t)  *weakly in L([0,T]; H'(R")),
(5.21) wy,, u(t) = wu(t)  weakly in L*([0,T]; H'(R™)),
(5.22) Ourm ull) , Ouy(t) weakly in L2([0, T]; L*(R")),

ot ot
(5.23) Vuy,, u(t) = Vu,(t) weakly in L*([0,T]; L*(R™)),
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(5.24) Auy,, u(t) = Au,(t) weakly in L*([0,T]; L*(R™)),
(5.25) U, u(t) = uu(t) weakly in L2([0,T); H*(R™)).

We want to show that w, is just the solution of the initial value problem for the Navier-Stokes
equations. To this end, from (5.7), (5.20), (5.21), (5.22), (5.23), we see that for any j € N,

duy,, ,u(t)
(5.26) <871t’ wj>L2(Rn) —+ M<vuz\ml ,u(t)7 V’lUj>L2(Rn)

+<()\ml =+ /"L) le ’u’)\ml,,un le wj>L2(]R”) = <F)\ml ,/—L(t)7 wj>L2(R")
holds in L?[0, T]. But, by (5.2), (5.5) and (5.20), (5.21), (5.22) and (5.23) we have

. w . . au#(t) .

zlir?o< at ’“’J>L2<Rn> h < o ’w]>L2<Rn>’

(527) lli}l’{.lo <V’U,/\ml “u(t), ij>L2(R”) - <vult(t)7 ij>L2(]Rn)7
M (Fx (), w5) 2 gy = ((wu(t) - V)wn(t), w;) p2 gy

holds in L?[0, 7). Consequently, we find from this, (5.23) and (5.26) that (A, + p)div U, u MUSt
converge weakly in L?(R") as | — oo, saying, to a function p,(z,t), and p,(-,t) € L*(R") for all
0<t<T,ie.,

(5.28) lli\rgo ((Amy + ) div U, 0 diV wj>L2(IR") = (pu(t), div wj>L2(Rn)
holds in L2[0,T]. From (5.26), (5.27) and (5.28), we have

Ou,,(t)
(5.29) ( = ,wj>L2(Rn) + (Ve (1), V03) o

+<pu(t), div wj>L2(R") = <(uu(t) : V)uu(t), wj>L2(R")
holds in L2[0,T). Clearly,

(5.30) div uy,, — >pu =0 weakly in L2([0,T); L2(R™)),

1
lim ———
(l—>+<>o ()‘ml + u)
Le., div uy,, weakly converges to 0 as I — +o0. Thus, div u, =0 in R" x [0, T] because the weak
limit is unique. In view of w; € H'(R"), (5.29) can be written as

Gan (2O i 0)  grad p(a ), = ~((w(0) - D (0) )

holds in L2[0, T], where (-,-) denotes the dual inner product of H~!(R") and H'(R"). Because w;,

(j=1,2,---), is a basis of H'(R"), we find by (5.31) that

Ou,,(t)
a“t — pAu,(t) — grad pu(t) = —(uu(t) - V)u,(t),

i.e., u, is a solution of the Navier-Stokes equations (5.32). Because ¢ € S (R"), [[un,, ullo®r) <

Cligllcwn (see, (5.2)) and Fy,, ;= (U, V)Urp, u € L2([0,T]; L*(R™)), we see by (5.22) and

(5.24) that

(5.32)

duy(t)
ot ’

(5.33) Fu(t), Au,(t) € L*([0,T); L*(R™)),

so that by (5.32),
(5.34) pAuy, + grad p,(t), gradp,(t) € L*([0, T]; L*(R™)).
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Consequently, we obtain
(5.35) u, € L*([0, T); H*(R™)).

Now, we will show that u,, satisfies the initial-value conditions u,(x,0) = ¢(x) for all x € R". In
fact, by virtue of u,,, u(x,0) = ¢(z) for all x € R" and I € N, it follows that

. u) —u weakly 1n as Kk — 00,
5.36 gt (0 (0 kly in L*(R" k

and hence u,(0) = ¢ by the uniqueness of the limit of a weak convergence sequence. Therefore, we
have proved the existence of strong solution of the initial problem for the Navier-Stokes equations.
More importantly, for another (arbitrarily chosen) sequence —pp < Xj < X, < -+ < A, < -+ — 400,
we can show that the limit (vector-valued function) of wy/ e still is the same solution w,. In

other words, the solution w, is independent of the given sequence {\;,} (see also below for the
proof of uniquenees of the solution). Applying the standard regularity technique with respect to
x-derivatives and t-derivatives, with the help of (5.25) (which implies w, € L?([0,T]; H*(R"™)) for
each non-negative integer k), we can further show that u, € C*°(R" x [0,T]). We will omit the proof
of this part (cf. [47], or §7.1.3 of [11]).

In the above discussion, since T' > 0 can be taken as an arbitrary real number, we obtain that
(wy,py) is a smooth solution of initial-value problem for the following Navier-Stokes equations:

B'u,H

MAU’IL + grad DPu + ( uy - V)’U;M =0, zeR" t>0,
(5.37) d1v u, =0, zeR" t>0,
u,(xz,0) = ¢p(x), = eR™

Furthermore, the solution (w,,p,) of (5.37) is unique. In fact, if (@, p) is another solution of (5.37),
that is,

—pAu+grad p+ (- V)u=0, xeR" t>0,
(5.38) divie=0, zecR" ¢>0,
u(x,0) = ¢p(x), =R,
then
(5.39)

a(uu—u)

—pA(uy—u)+grad (p,—p)+((w—a)-V)u,+(a-V)(u,—u)=0, xeR" t>0,
d1v (uu—u) =0, zcR", t>0,
(u,—u)(x,0) =0, xeR"

Thus,
10 12 _ - - -
(5.40) 5 o llun = Bllz2ny — p{A(Uu — @), (w — @) r2@n) + (grad (pu — P), (U — @) L2 ()
(=) - Vg, (0 — @) 2y + (@ - V) (=), (w, — @) 2y = O,
i.e.,
10

s — @ll3 gy — A (e — ), (2 — @) g2y + / (erad (p, p>)-<uu—a>dx

n

/ Z ((wp); —aj) 8((81;“)1) ((uu)l — ul dx—i— /n Zu] ax] Z (wp)i —ﬂl)2>dw =0.

=1

Applying Green s formula, we get

10 N - N 1 -
3 GtHu“ u”%2(Rn) + ||V (uy, — u)||2Lz(Rn) - /Rn (pu — p) div (u, — @) dx
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- Pt o (s = ) () — )] = 5 [ 3 ()~ )i =0

and hence, by the conditions divu, = 0 and divu = 0,

10

_ _ . _\ O((uy)—1)

2 2 _

(5.41) 5 atIIUu—u\|L2(Rn)+M||V(Uu—“)\LZ(Rn)—/Rn El :l(uu)l ((wn);—; ) gixjda:_o.
]7:

From Theorem 4.3 and (5.41), we have

10 _ _
(5.42) 5 o7l = @l + ]V (2 = @) 3
" - 8 u l—fl,l
< [ (G - ) A = g
R T J
< gl xo,00)) 1w = @l 2en) |V (= @] 12
1 N .

< @HUMH%(R”X[O,OO))”U‘M - uH%Q(R”) + [V (uy — u)”%%w)v
so that

0 N .
(5.43) EHUH - UH%%Rn) < ﬂHUuHQC(Rnx[o,oo))Huu - UH%Q(R”)'

It follows from Gronwall’s inequality (see, (i) of Lemma 4.7) that
t
(5.44) [y — @3 oy < (€0 281 1E 100 %), (0) = @(0) [Fgny =0, for all £>0,

which implies u, = .
Finally, taking the inner product of (5.37) and w,, in L*(R"), we find by divau, = 0 in R" x [0, c0)
that

10
(5.45) §§HULLHZLQ(RR) + “HVU’#HiQ(Rn) =0 forall 0<t< oo,
so that
t
(546)  [a®)[2egu + 2“/0 IV s = (]2 ys for 0t < o,

To obtain the above (5.45), we have used the fact that

/ u,, - grad p, d:c:—/ (divau,) py do =0,

1
/nuu (uy - V)u, de = /]R" uM-V<§|uN|2>daj

1
= —/ ~|u,|* divay, dz = 0.
an 2
From (5.46) we immediately get
2 2
(5.47) e )2y < 6], forall 0< ¢ < o0

and

t
2
(5.48) 2@/0 ||Vuu(s)]|i2(Rn)ds < H¢”L2(Rn), for 0 <t < o0,
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i.e., the energy of solution u,, is bounded. More precisely, the solution u,, also satisfies the requirement
of (1.7). O

Remark 5.1. i) We have proved the ezistence and uniqueness of global smooth solution for the
Navier-Stokes equations in dimension n = 3 because Theorem 4.3 only holds when dimension n = 3.

it) The advantage of our method is that the existence and uniqueness of global smooth solution
of the Navier-Stokes equations are completely proved by discussing the closed relationship of the
nonlinear elastic inertial parabolic equations and the Navier-Stokes equations, which has avoided to
work on the Leray projection and its associated estimates.

i11)  Our method (for proving the existence of global smooth solution) will provide a very useful
approach (in computational mathematics and computation physics) to calculate the solution w, of
the Navier-Stokes equations by first figuring out the solution wy , of the inertial Lamé equations and
then letting parameter A — 400 (1 > 0 is fized).

iv) As pointed out before, the conditions ¢ € #(R™) and div ¢ = 0 in R3 will ensure that
the solution of the Navier-Stokes equations can be C*-smoothly extended to R3 x [0,00) (including
smoothly extended to the initial time t = 0), just as predicted by C. L. Fefferman in [12]. However, if
the initial value ¢ € H™ P (R3)NCTTHRY), (m > 3), then from the previous discussion, we see that
the Navier-Stokes equations (5.1) admits a unique global smooth solution u,, € C([0,00); H™ ! (R3))N

L2([0, 00); H'(R?)), with %% € C(]0, 00); H™H 2 (R3)).
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