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Abstract. Based on the essential connection of the parabolic inertial Lamé equations and Navier-
Stokes equations, we prove the existence of smooth solutions of the incompressible Navier-Stokes
equations in three-dimensional Euclidean space R3 by showing the existence and uniqueness of smooth
solutions of the parabolic inertial Lamé equations and by letting one Lamé constant λ tend to infinity
(the other Lamé constant µ > 0 is fixed).

1. Introduction

The Navier-Stokes equations describe the motion of a viscous fluid in Rn (n = 2 or 3). These
equations are to be solved for an unknown velocity vector u(x, t) = (u1(x, t), · · · , un(x, t)) ∈ Rn and
pressure p(x, t) ∈ R, defined for position x ∈ Rn and time t ≥ 0. The incompressible Navier-Stokes
equations are then given by

∂uj
∂t

− µ∆uj +
∂p

∂xj
+

n∑
k=1

uk
∂uj
∂xk

= fj(x, t), x ∈ Rn, t ≥ 0, j = 1, · · · , n,(1.1)

divu =

n∑
k=1

∂uk
∂xk

= 0, x ∈ Rn, t ≥ 0(1.2)

with initial conditions

u(x, 0) = ϕ(x), x ∈ Rn.(1.3)

Here, ϕ(x) is a given, C∞ divergence-free vector field on Rn, fj(x, t) are the components of a given,

externally applied force, µ is a positive constant (the viscosity coefficient), and ∆ =
∑n

k=1
∂2

∂x2
k
is the

Laplacian in the space variables. Equation (1.1) is just Newton’s law ma = f for a fluid element
subject to the external force f = (f1(x, t), · · · , fn(x, t)) and to the forces arising from pressure and
friction. Equation (1.2) just says that the fluid is incompressible. For physically reasonable solutions,
we will restrict attention to forces f and initial conditions ϕ that satisfy

|∂α
xϕ(x)| ≤ CαM (1 + |x|)−M on Rn, for any α and M(1.4)

and

|∂l
t∂

α
x f(x, t)| ≤ ClαM (1 + |x|+ t)−M on Rn × [0,∞), for any l,α,M,(1.5)

MSC 2020: 35Q30, 76D05, 35A01, 35Q74.
Key Words: Navier-Stokes equations; Inertial Lamé equations; Smooth solutions; Existence.
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where α = (α1, · · · , αn) is a multi-index (i.e., an n-tuple of nonnegative integers). A solution of
(1.1), (1.2), (1.3) is said to be physically reasonable (see, [12]) only if it satisfies

p, u ∈ C∞(Rn × [0,∞))(1.6)

and ∫
Rn

|u(x, t)|2dx < C for all t ≥ 0 (bounded energy),(1.7)

where dx = dx1 · · · dxn.
It is a fundamental problem in analysis to decide whether such smooth, physically reasonable

solutions exist for the Navier-Stokes equations (see, statement (A) of [12] by C. L. Fefferman).
Many important progresses and works have been made for the above problem in the past decades.

In two dimensions, the existence and uniqueness of smooth solutions of the Navier-Stokes equations
has been known for a long time (see, Leray [24], Ladyzhenskaya [23], Sohr [40] or Temam [47]).
The existence of the global smooth solution in three dimension is proved if the initial velocity ϕ
satisfies a smallness condition. Strong solutions in the three-dimensional case are known to exist
for a short interval of time whose length depends on the physical data of the initial value problem
(see, Theorem 3.4 on p. 104 of [34]). Moreover, this strong solution is known to be unique and to
depend continuously on the initial data (see, for example, [7, 23, 34, 47]). Leray in [24] showed that
the Navier-Stokes equations (1.1) in three space dimensions always have a weak solution (u, p) with
suitable growth properties, but the uniqueness of weak solutions of the Navier-Stokes equations is
not known. Under additional assumptions of more integrability of u, Serrin [39] proved existence of
smooth solutions. In [8], Constantin-Fefferman showed smoothness of solutions with a constraint on
vorticity. Based on the work of Scheffer [38], Caffarelli-Kohn-Nirenberg in [5] gave a partial regularity
result of the Navier-Stokes equations that the dimension of the set of singular points is at most one.
Later Lin [26] simplified the proofs of the results in Caffarelli-Kohn-Nirenberg [5]. We refer the reader
to the paper [12] of Fefferman, the survey [46] of Temam and the books of Majda-Bertozzi [34] and
Lions [28, 29] for more details and references therein.

In this paper, we will solve this long-standing open problem. We state our main result as the
following, which is corresponding to the statement (A) in [12].

Theorem 1.1. Take µ > 0 and n = 3. Let ϕ(x) be any smooth, divergence-free vector field
satisfying (1.4). Take f(x, t) to be identically zero. Then there exist smooth functions uj(x, t),
p(x, t) on Rn × [0,∞) that satisfy (1.1), (1.2), (1.3), (1.6), (1.7). Moreover, the solution (u, p) is
unique.

The main ideas and methods of this paper are as follows. We first introduce the following initial
value problem of the parabolic inertial Lamé equations:{

∂u
∂t − µ∆u− (λ+ µ) grad div u+ (u · ∇)u = 0, x ∈ Rn, t ≥ 0,
u(0,x) = ϕ(x), x ∈ Rn,

(1.8)

where µ and λ are the Lamé constants satisfying

µ > 0, λ+ µ ≥ 0.(1.9)

In physics, (1.8) is a fundamental nonlinear system of elastodynamics, which describes the deforma-
tion (motion) of an (inertial) elasticity material (body) in Rn (see, Chapter 5 [25], or Chapter 6 of
[35]). Because a lot of powerful mathematical tools (techniques) can be applied to such nonlinear
parabolic equations rather than directly to the Navier-Stokes equations, (1.8) will play a key role
in this paper. Note that in the above equations, (u · ∇)u is said to be the inertial term. Par-
ticularly, when λ + µ = 0, (1.8) reduces to the famous n-dimensional viscous Burgers equations
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(see, [18], [48], [37], or p. 324 of [45]). Our first task is to prove that for the given λ, µ satisfy-
ing (1.9) and initial value ϕ satisfying (1.4), there exists a unique smooth solution uλ,µ(x, t) in

C([0,∞);Hm+1(R3)) ∩ C∞(R3 × [0,∞)) for the initial value problem of parabolic inertial Lamé
equations (1.8). The second task is to show that for any fixed T > 0 and divergence-free ini-
tial value ϕ and for any given sequence −µ ≤ λ1 < λ2 < · · · < λm < · · · → +∞, there is a
subsequence {λml

}+∞
l=1 such that the solutions uλml

,µ(x, t) of (1.8) weakly converge to uµ(x, t) in

L2([0, T ];H1(R3)) as l → +∞ (of course, the functions −(λml
+ µ) divuλml

,µ(x, t) weakly converge

to a function pµ(x, t) in L2([0, T ];L2(R3)) as l → ∞), as well as ∂
∂tuλml

,µ(x, t) weakly converges

to ∂
∂tuµ(x, t) in L2([0, T ];L2(R3)) as l → ∞. In addition, we can immediately show div uµ = 0 in

R3 × [0, T ]. Because T > 0 is an arbitrary real number, (uµ(t,x), pµ(t,x)) is just a global smooth
strong solution of the Navier-Stokes equations with the viscosity µ > 0 and the same initial value
ϕ, and (1.7) holds. The above idea stems from the works [30], [31], [32], [33] and [43] of the present
author for studying inverse problems and eigenvalue problems for the Stokes equations, Lamé equa-
tions and Navier-Stokes equations, in which the author solved an open problem for determining the
viscosity function of the Navier-Stokes equations and discovered the deep relationship between the
Lamé eigenvalues and Stokes eigenvalues. These results inspired the author to ultimately prove the
global existence of smooth solutions of the Navier-Stokes equations first by showing the existence
and uniqueness of global smooth solutions of the parabolic inertial Lamé equations and then by
considering the essential (limit) relationship of the above two systems of equations.

In order to prove the existence, smooth and uniqueness of the solutions for the initial value problem
(1.8) of the (nonlinear) parabolic inertial Lamé equations in R3, we will use the following approach:
Set Lλ,µ := −µ∆−(λ+µ) gad div and Φ(u) := (u ·∇)u. By converting (1.8) to the integral equation

u(t) = e−tLλ,µϕ+

∫ t

0
e−(t−s)Lλ,µΦ(u(s)) ds := Ψu(t),(1.10)

and by applying the contraction mapping principle toΨ (whereΨu(t) :=e−tLλ,µϕ+
∫ t
0 e

−(t−s)Lλ,µΦ(u(s))ds),
we first show the existence of the solution uλ,µ of (1.8) in a short time interval [0, T ] (which is just
the unique fixed point in C([0, T ];Hm(R3))), and then we prove this solution is also smooth. We
prove a key inequality of the fundamental solution and show ∥uλ,µ∥C(R3×[0,T ]) ≤ C∥ϕ∥C0(R3) (simi-

lar to the parabolic sup norm estimates, i.e., the maximum principle) as well as ∥uλ,µ(t)∥2H1(R3)
≤

∥uλ,µ(0)∥2H1(R3)
e
∫ t
0 c1∥uλ,µ(s)∥2C(R3)

ds ≤ ∥ϕ∥2
H1(R3)

e
tCc1∥ϕ∥2

C(R3) , where the constants c1 and C is in-

dependent of λ, and depends only on µ. This rule out the bow up of uλ,µ in C([0, T ];Hm(R3))
for any fixed T > 0, and then the local solution can be extended to whole time interval [0,∞).
Employing bootstrap argument and standard regularity technique, we therefore establish the global
existence of smooth solution for the parabolic inertial Lamé equations in R3 × [0,∞). Of course,
the solution is also unique. It is a surprising fact that for fixed µ > 0 and divergence-free initial ϕ
satisfying (1.4), {uλ,µ}λ∈[−µ,+∞) and {∇uλ,µ}λ∈[−µ,+∞) are bounded sets of L2([0, T ];L2(R3)), and

{ ∂
∂tuλ,µ(t)}λ∈[−µ,∞) is also a bounded set of L2([0, T ];L2(R3)). So the weak limit uµ(x, t) of smooth

solutions uλml
,µ(x, t) of the parabolic inertial Lamé equations is exactly the smooth solutions of the

Navier-Stokes equations. Let us point out that through compatibility conditions for parabolic equa-
tions, initial data in the Schwartz space S (R3) (respectively, divergence-free Schwartz space) ensure
that the solution of the parabolic inertial Lamé equations (respectively, the Navier-Stokes equations)
can be smoothly extended to R3 × [0,∞), including C∞-continuity at the initial time t = 0.

With a completely similar method, we can prove the following:
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Theorem 1.2. Take µ > 0 and n = 3. Let ϕ be any smooth, divergence-free vector field in R3

satisfying

ϕ(x+ ej) = ϕ(x) for 1 ≤ j ≤ 3,(1.11)

where ej = jth unit vector in R3. Then there exist smooth functions p(x, t), uj(x, t) on R3 × [0,∞)
that satisfy (1.1), (1.2), (1.6) with u(x, 0) = ϕ(x), f ≡ 0 and

u(x, t) = u(x+ ej , t), p(x, t) = p(x+ ej , t) on R3 × [0,∞) for 1 ≤ j ≤ 3.(1.12)

This paper is organized as follows. In Section 2, we give the explicit representations of solutions for
the linear parabolic Lamé equations and the Stokes equations. In Section 3, we explicitly construct
the fundamental solution and establish its basic inequalities for the general parabolic Lamé (elasticity)
equations, and then estimate the bound of ∥e−tLλ,µ∥L(Hm(Rn),Hm+1(Rn)). The existence, uniqueness,

smoothness in (x, t) and uniform norm boundedness with respect to λ for the solutions uλ,µ of the
parabolic inertial Lamé equations are proved in Section 4. Finally, in Section 5 we prove the main
theorem 1.1 by letting λ → +∞.

2. Explicit representations of solutions for the linear parabolic Lamé equations and
Stokes equations

In this section, we will consider explicit representations of solutions for the following initial value
problems of linear parabolic Lamé (elasticity) equations{

∂v
∂t − µ∆v − (λ+ µ) grad divv = 0, x ∈ Rn, t ≥ 0,
v(0,x) = ϕ(x), x ∈ Rn(2.1)

and the Stokes equations
∂v
∂t − µ∆v + grad p = 0, x ∈ Rn, t ≥ 0,
div v = 0, x ∈ Rn, t ≥ 0,
v(x, 0) = ϕ(x), x ∈ Rn.

(2.2)

Throughout this paper, we always assume that (Lamé coefficient) µ is a fixed positive constant and
λ+µ ≥ 0. When λ+µ = 0, (2.1) reduces to the initial value problem of the classical heat equations.
Clearly, the initial value problem (2.1) can be rewritten as{

∂v
∂t + Lλ,µv = 0, x ∈ Rn, t ≥ 0,
v(0,x) = ϕ(x), x ∈ Rn,

(2.3)

where the Lamé operator Lλ,µ is given by

Lλ,µw =

−µ
( n∑

k=1

∂2

∂x2k

)
In − (µ+ λ)


∂2

∂x2
1

· · · ∂2

∂x1∂xn

...
...

∂2

∂xn∂x1
· · · ∂2

∂x2
n



w1

...
wn

 ,(2.4)

and In is the n× n identity matrix. Furthermore, we have

Lλ,µw(x) =
1

(2π)n

∫
Rn

eix·ξ(ι(Lλ,µ))

ŵ1(ξ)
...

ŵn(ξ)

 dξ,(2.5)
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where

ι(Lλ,µ) = µ|ξ|2In + (µ+ λ)

 ξ21 · · · ξ1ξn
...

...
ξnξ1 · · · ξ2n

(2.6)

is the full symbol of the operator Lλ,µ, ŵj is the Fourier transform of wj defined by ŵj(ξ) =∫
Rn e

−ix·ξwj(x)dx, |ξ|2 =
∑n

k=1 ξ
2
k and dξ = dξ1 · · · dξn. Let us denote by S (Rn) the Schwartz

space of rapidly decreasing (vector-valued) functions:

S (Rn) = {ϕ ∈ C∞(Rn)
∣∣ |∂α

xϕ(x)| ≤ CαM (1 + |x|)−M on Rn for any α and M},(2.7)

and by Cm
0 (Rn) the space of Cm-smooth (vector-valued) functions vanishing at infinity: Cm

0 (Rn) =

{ϕ ∈ Cm(Rn)
∣∣ |∂α

xϕ(x)| → 0 as |x| → +∞, 0 ≤ |α| ≤ m}. We denote by ωn = 2πn/2

nΓ(n/2) the

volume of the unit ball in Rn. The convolution f(x) ∗ g(x) of two functions on Rn is defined by
f(x)∗g(x) :=

∫
Rn f(x−y)g(y)dy =

∫
Rn f(y)g(x−y)dy provided that the integrals in question exist.

Then we have the following:

Theorem 2.1. Let the Lamé constants µ and λ satisfy µ > 0, λ+ µ ≥ 0, and let n ≥ 3.
(a) If vλ,µ is the unique solution of the linear parabolic Lamé equations (2.1) with ϕ ∈ S (Rn),

then vλ,µ can be explicitly represented as

vλ,µ(x, t) =
e−|x|2/4µt

(4πµt)n/2
∗ ϕ(x) +

(
e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2
− e−|x|2/4µt

(4πµt)n/2

)
∗ψ(x),(2.8)

where ψ(x) := 1
n(n−2)ωn|x|n−2 ∗

(
grad div ϕ(x)

)
∈ C0(Rn)∩C∞(Rn) is the unique solution of Poisson’s

equations {
−∆ψ = grad div ϕ in Rn,
lim|x|→+∞ψ(x) = 0.

(2.9)

Moreover,

vλ,µ ∈ C∞(Rn × [0,∞)),

∫
Rn

|vλ,µ(x, t)|2dx < C for all t ≥ 0.(2.10)

(b) If ϕ ∈ S (Rn) and divϕ = 0 in Rn, then the solution vµ of the Stokes equations (2.2) can be
explicitly represented as

vµ(x, t) =
e−|x|2/4µt

(4πµt)n/2
∗ ϕ(x)(2.11)

and p(t,x) ≡ c(t) in Rn × [0,∞).

Proof. (a) Since the Lamé operator Lλ,µ is uniformly strongly elliptic (see, for example, (10.4) on
p. 297 of [36], Chapters 5–6 of [19], (5.150) of [25], [1], [6], [35]), it follows from Chap. 6 of [35], Stewart
[42], Browder [4], Friedman [13] that −Lλ,µ generates analytic semigroups (e−zLλ,µ)z∈Λ on C0(Rn),

on L2(Rn), and on Lp(Rn), where Λ is a sector in the complex plane C (cf. [42]). The corresponding
strongly continuous semigroups (e−tLλ,µ)t≥0 can be obtained from the resolvent operator (ϑI−Lλ,µ)

−1

of Lλ,µ by the Cauchy integral formula (see, Chapter I of [10] or p. 366 of [17]):

e−tLλ,µ =
1

2πi

∫
C
e−tϑ(ϑI − Lλ,µ)

−1dϑ, t ≥ 0,(2.12)
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where C is a suitable curve (contour) in the complex plane in the positive direction around the
positive real axis, and I is the identity operator. Therefore, we have

e−tLλ,µϕ(x) =
1

(2π)n

∫
Rn

eix·ξ
( 1

2πi

∫
C
e−tϑ ι

(
(ϑI − Lλ,µ)

−1
)
dϑ
)
ϕ̂(ξ) dξ(2.13)

=
1

(2π)n

∫
Rn

∫
Rn

ei(x−y)·ξ
( 1

2πi

∫
C
e−tϑ ι

(
(ϑI − Lλ,µ)

−1
)
dϑ
)
ϕ(y)dy dξ,

where ι ((ϑI − Lλ,µ)
−1) is the full symbol of the resolvent operator (ϑI − Lλ,µ)

−1. If we denote

Zλ,µ(x, t) :=
1

(2π)n

∫
Rn

eix·ξ
( 1

2πi

∫
C
e−tϑ ι

(
(ϑI − Lλ,µ)

−1
)
dϑ
)
dξ,(2.14)

then

e−tLλ,µϕ(x) = Zλ,µ(x, t) ∗ ϕ(x) =
∫
Rn

Zλ,µ(x− y, t)ϕ(y) dy(2.15)

by (2.13).
Next, we will explicitly calculate ι

(
(ϑI − Lλ,µ)

−1). By a direct calculation we find that ξ21 · · · ξ1ξn
...

...
ξnξ1 · · · ξ2n


 ξ21 · · · ξ1ξn

...
...

ξnξ1 · · · ξ2n

 = |ξ|2

 ξ21 · · · ξ1ξn
...

...
ξnξ1 · · · ξ2n

 .(2.16)

Thus, the following two matrices play a key role:

F :=

In,
 ξ21 · · · ξ1ξn

...
...

ξnξ1 · · · ξ2n


 .

The set F of above two matrices can generate a matrix ring F according to the usual matrix addition
and multiplication of F on the ring N of functions. This implies that ι

(
(ϑI −Lλ,µ)

−1) must have the
following form:

ι
(
(ϑI − Lλ,µ)

−1) = s1In + s2

 ξ21 · · · ξ1ξn
...

...
ξnξ1 · · · ξ2n

 ,(2.17)

where s1 and s2 are unknown functions which will be determined later. This key idea is inspired
by Galois group theory for solving the polynomial equation (see [3] or [9]). Substituting (2.17) into
ι(ϑI − Lλ,µ) ι

(
(ϑI − Lλ,µ)

−1) = In, we have(ϑ− µ|ξ|2
)
In − (µ+ λ)

 ξ21 · · · ξ1ξn
...

...
ξnξ1 · · · ξ2n



s1In + s2

 ξ21 · · · ξ1ξn
...

...
ξnξ1 · · · ξ2n


 = In,(2.18)

i.e.,

s1
(
ϑ− µ|ξ|2

)
In +

{
s2
(
ϑ− µ|ξ|2

)
− s1(µ+ λ)− s2(µ+ λ)|ξ|2

} ξ21 · · · ξ1ξn
...

...
ξnξ1 · · · ξ2n

 = In.

Since the set F is a basis of the matrix ring F, we get{
s1
(
ϑ− µ|ξ|2

)
= 1,

s2
(
ϑ− µ|ξ|2

)
− s1(µ+ λ)− s2(µ+ λ)|ξ|2 = 0.
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It follows that  s1 =
1

ϑ−µ|ξ|2 ,

s2 =
µ+λ(

ϑ−µ|ξ|2
)(

ϑ−(2µ+λ)|ξ|2
) .(2.19)

Therefore

ι
(
(ϑI − Lλ,µ)

−1) =
1

ϑ− µ|ξ|2
In +

µ+ λ(
ϑ− µ|ξ|2

)(
ϑ− (2µ+ λ)|ξ|2

)
 ξ21 · · · ξ1ξn

...
...

ξnξ1 · · · ξ2n

 .(2.20)

Now, by applying the residue theorem (see, for example, Chap. 4, §5 in [2]) we have

1

2πi

∫
C
e−tϑ ι

(
(ϑI − Lλ,µ)

−1
)
dϑ = e−tµ|ξ|2 In(2.21)

+
1

|ξ|2
(
e−t(λ+2µ)|ξ|2 − e−tµ|ξ|2

) ξ21 · · · ξ1ξn
...

...
ξnξ1 · · · ξ2n

 .

Noting that

1

(2π)n

∫
Rn

eix·ξe−tµ|ξ|2dξ =
e−|x|2/4µt

(4πµt)n/2
,

1

(2π)n

∫
Rn

eix·ξe−t(λ+2µ)|ξ|2dξ =
e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2

and (see, p. 194, (2) of Ch. II in [14])

1

(2π)n

∫
Rn

eix·ξ
1

|ξ|2
dξ =

1

(2π)n

(
2n−2π

n
2 Γ
(n− 2

2

)
|x|2−n

)
=

1

n(n− 2)ωn
|x|2−n, n > 2.

It follows that

1

(2π)n

∫
Rn

eix·ξ
(

1

|ξ|2
e−tµ|ξ|2

)
dξ =

e−|x|2/4µt

(4πµt)n/2
∗
( 1

n(n− 2)ωn
|x|2−n

)
=

∫
Rn

1

n(n− 2)ωn|z|n−2

e−|x−z|2/4µt(
4πµt

)n/2 dz,

1

(2π)n

∫
Rn

eix·ξ
(

1

|ξ|2
e−t(λ+2µ)|ξ|2

)
dξ =

e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2
∗
( 1

n(n− 2)ωn
|x|2−n

)
=

∫
Rn

1

n(n− 2)ωn|z|n−2

e−|x−z|2/4(λ+2µ)t(
4π(λ+ 2µ)t

)n/2dz.
Inserting these and (2.21) into (2.14) we obtain

Zλ,µ(x, t) =
e−|x|2/4µt

(4πµt)n/2
In +


∂2Wλ,µ(x,t)

∂x2
1

· · · ∂2Wλ,µ(x,t)
∂x1∂xn

...
...

∂2Wλ,µ(x,t)
∂xn∂x1

· · · ∂2Wλ,µ(x,t)

∂x2
n

 ,(2.22)
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where

Wλ,µ(x, t) :=

(
e−|x|2/4(λ+2µ)t(
4π(λ+ 2µ)t

)n/2 − e−|x|2/4µt(
4πµt

)n/2
)

∗ 1

n(n− 2)ωn|x|n−2
(2.23)

=

∫
Rn

1

n(n− 2)ωn|z|n−2

(
e−|x−z|2/4(λ+2µ)t(
4π(λ+ 2µ)t

)n/2 − e−|x−z|2/4µt(
4πµt

)n/2
)
dz.

Clearly, the function Wλ,µ(x, t) is well-defined and smooth for all x ∈ Rn and t > 0, because the
integral in (2.23) is absolutely convergent and the convolution Wλ,µ(x, t) has the same smoothness

as e−|x|2/4(λ+2µ)t(
4π(λ+2µ)t

)n/2 − e−|x|2/4µt

(4πµt)n/2 (cf. p. 17 or p. 100 of [20]), and
∫
Rn Wλ,µ(x, t)dx = 0. In particular, for

any fixed t > 0 and any multi-index α we have ∂α
xWλ,µ(·, t) ∈ C0(Rn) ∩ C∞(Rn). It follows from

(2.15) that for any ϕ ∈ S (Rn), the action of strongly continuous semigroups (e−tLλ,µ)t≥0 on ϕ can
be further represented as

(2.24)

e−tLλ,µϕ(x) = Zλ,µ(x, t) ∗ ϕ(x)

=

∫
Rn

e−|y|2/4µt(
4πµt

)n/2 ϕ(x−y)dy + ∫Rn


∂2Wλ,µ(y,t)

∂y21
· · · ∂2Wλ,µ(y,t)

∂y1∂yn
...

...
∂2Wλ,µ(y,t)

∂yn∂y1
· · · ∂2Wλ,µ(y,t)

∂y2n

ϕ(x−y)dy
=

∫
Rn

e−|y|2/4µt(
4πµt

)n/2 ϕ(x−y)dy + ∫Rn

Wλ,µ(y, t)
(
grad div ϕ(x− y)

)
dy

=
e−|x|2/4µt(
4πµt

)n/2 ∗ ϕ(x) +Wλ,µ(x, t) ∗
(
grad div ϕ(x)

)
=

e−|x|2/4µt(
4πµt

)n/2 ∗ ϕ(x) +

(
e−|x|2/4(λ+2µ)t(
4π(λ+ 2µ)t

)n/2 − e−|x|2/4µt(
4πµt

)n/2
)

∗
(

1

n(n− 2)ωn|x|n−2
∗
(
grad div ϕ(x)

)

=
e−|x|2/4µt

(4πµt)n/2
∗ ϕ(x) +

(
e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2
− e−|x|2/4µt

(4πµt)n/2

)
∗ψ(x),

where we integrated by parts twice for the third equality, and used the convolution properties f(x) ∗
g(x) = g(x) ∗ f(x) and

(
f(x) ∗ g(x)

)
∗ h(x) = f(x) ∗

(
g(x) ∗ h(x)

)
for the last equality. Note that

ψ(x) := 1
n(n−2)ωn|x|n−2 ∗

(
grad div ϕ(x)

)
is just the Newtonian potential of (grad divϕ(x)), i.e., ψ

is the unique solution of Poisson’s equations{
−∆ψ = grad div ϕ in Rn,
ψ(x) → 0 as |x| → +∞.

It follows from regularity of elliptic equations that ∂α
xψ ∈ C0(Rn) ∩C∞(Rn) for given ϕ ∈ S (Rn)

and any multi-index α.
According to the properties of strongly continuous semigroups on C0(Rn) (see, Theorem 6 of [42]),

we get that for ϕ ∈ S (Rn), vλ,µ(x, t) := e−tLλ,µϕ(x) satisfies the linear parabolic Lamé equations:{
∂vλ,µ

∂t − µ∆vλ,µ − (λ+ µ) grad divvλ,µ = 0, x ∈ Rn, t ≥ 0,
vλ,µ(x, 0) = ϕ(x), x ∈ Rn,

(2.25)
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and the solution vλ,µ is unique among vector fields with vλ,µ(·, t) ∈ C0(Rn), t ≥ 0. Moreover,
vλ,µ(x, t) is continuous in t ≥ 0 uniformly in x ∈ Rn, vλ,µ(x, t) is continuously differentiable in t > 0

uniformly in x ∈ Rn, and vλ,µ(·, t) ∈ C1(Rn) ∩W 2,q
loc(R

n) with q > n for any fixed t > 0 (see, [42]).
In addition, for the given initial value ϕ ∈ S (Rn), we see that (Lλ,µ)

mϕ ∈ C0(Rn) ∩ C∞(Rn) for
all m ≥ 0, that is, any order compatibility conditions hold (see, Theorem 6 on p. 388 of [11]) for
initial problem (2.25). It is easy to verify by the regularity of solutions for linear parabolic system
(see, for example, Theorem 7 on p. 390 of [11], or [13]) that the solution vλ,µ = e−tLλ,µϕ of the linear
parabolic Lamé equations (2.1) belongs to C∞(Rn × [0,∞)). On the other hand, since Lλ,µ also

generates a strongly continuous semigroup on L2(Rn), we get vλ,µ(·, t) ∈ L2(Rn) for each t ≥ 0. By
applying (2.25) and Green’s formula (see, [22], [33] or [32]), we have

1

2

∂∥vλ,µ(x, t)∥2L2(Rn)

∂t
=

∫
Rn

vλ,µ(x, t) ·
(
µ∆vλ,µ(x, t) + (λ+ µ) grad div vλ,µ(x, t)

)
dx

= −
∫
Rn

(
2µ(Def vλ,µ(x, t),Def vλ,µ(x, t)) + λ(div vλ,µ(x, t))

2
)
dx

= −
∫
Rn

(
µ|∇vλ,µ(x, t)|2 + (λ+ µ) |divvλ,µ(x, t)|2

)
dx < 0,

where Defv := 1
2(∇v + (∇v)T ) and

(
Defv,Defv) := 1

4

∑n
j,k=1

∣∣ ∂vj
∂xk

+ ∂vk
∂xj

∣∣2. This implies that∫
Rn |vλ,µ(x, t)|2dx is a decreasing functon of t in [0,+∞), and hence∫

Rn

|vλ,µ(x, t)|2dx ≤
∫
Rn

|ϕ(x)|2dx < C for all t ≥ 0.

(b) For ϕ ∈ S (Rn) and div ϕ = 0 in Rn, we set

vµ(x, t) =
e−|x|2/4µt

(4πµt)n/2
∗ ϕ(x) =

∫
Rn

e−|y|2/4µt

(4πµt)n/2
ϕ(x− y)dy, x ∈ Rn, t > 0.

Then divx
(
vµ(x, t)

)
= 0 in Rn × [0,∞), and vµ(x, t) is the unique solution of the equations

∂v
∂t − µ∆v = 0, x ∈ Rn, t > 0,
divv = 0, x ∈ Rn, t > 0,
v(0,x) = ϕ(x), x ∈ Rn.

This implies that vµ(x, t) is the solution of the Stokes equations (2.2) with p(x, t) ≡ c(t). □

Remark 2.2. i) When λ+µ = 0, our explicit representation (2.8) for the solutions of (2.1) reduces
to the classical representation of the heat equations (see, for example, [21] or [13]).

ii) The explicit representation (2.8) (as well as the fundamental solution (2.22)) for the solutions
of initial problem of linear parabolic Lamé equations will play an important role late.

iii) Throughout this paper, we always choose initial-value ϕ in the Schwartz space S (Rn). The
reason is that this kind of initial-value can ensure the solution of equations being C∞-smoothly ex-
tended to Rn×[0,∞) (including C∞-smoothly extended to initial time t = 0) according to the parabolic
compatibility conditions (cf. p. 288 and p. 290 of [11]).

3. Construction and inequalities of fundamental solutions for general linear parabolic
Lamé equations

3.1. Construction of fundamental solutions. In order to discuss the solutions u of (1.8),
we need to give explicit representations of solutions for the following general linear inhomogeneous
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parabolic Lamé equations:{ ( ∂
∂t − µ∆− (λ+ µ)grad div + (b · ∇) + c

)
v = f , x ∈ Rn, 0 ≤ t ≤ T,

v(x, 0) = ϕ(x), x ∈ Rn(3.1)

with ϕ ∈ S (Rn), where the coefficient b(x, t) = (b1(x, t), · · · , bn(x, t)) is a smooth vector-valued
function, c(x, t) = (djk(x, t))n×n is a smooth matrix-valued function, and b(x, t), c(x, t) are assumed
to be bounded and smooth. We denote M := −µ∆− (λ+µ) grad div +b ·∇+c. Sometimes, we will

write ∂l

∂tl
, ∂α

∂xα ,
∂l

∂tl
∂α

∂xα , · · · as ∂l
t, ∂

α
x , ∂

l
t∂

α
x , · · · , respectively. In Chapter 9 of [13], for more general

parabolic system (i.e., (1.6) on p. 239 of [13] with fj = 0)

∂vj
∂t

=

N∑
l=1

∑
|α|≤2p

Ajl
α(x, t)∂

α
x vl, j = 1, · · · , N,(3.2)

its fundamental solution has been constructed by the parametrix method (of E. E. Levi). An N ×N
matrix Γ(x, t;y, τ) of functions defined for (x, t) ∈ Rn × [0, T ], (y, τ) ∈ Rn × [0, T ], t > τ is said
to be a fundamental solution (or a fundamental matrix) of (3.2) if, as a function of (x, t) (x ∈ Rn,
τ < t ≤ T ), satisfies (3.2) (i.e., each column is a solution of (3.2)), and is such that

lim
t→τ+

∫
Rn

Γ(x, t;y, τ)ϕ(y)dy = ϕ(x) for all x ∈ Rn,(3.3)

for any continuous function ϕ(y) in Rn (see, p. 240 of [13]).
Now, we will construct the explicit fundamental solution Γ(x, t;y, τ) for the linear parabolic Lamé

system (3.1) with f ≡ 0 according to such a method. Rewrite the system (3.1), for f ≡ 0, in the
form

∂v

∂t
= −Mv =

(
− Lλ,µ − (b · ∇)− c

)
v,(3.4)

where Lλ,µ = −µ∆v− (λ+µ) grad div is the principal part of M , which is defined in (2.4) of Section
2. Let Zλ,µ(x− y, t;w, τ) be the fundamental solution of the system

∂v

∂t
= −Lλ,µv in Rn × [0,∞)(3.5)

constructed in Section 2 (here the coefficients of Lλ,µ is taken at the fixed point (w, t) with w ∈
Rn, t > τ). Because Lλ,µ is a uniformly strongly elliptic (vector-valued) operator with constant
coefficients (cf. [1]), the “first approximation” Lλ,µ to M is independent of spatial parameter w ∈ Rn,
so that we may take w = y, and Zλ,µ(x−y, t;y, τ) (see, p.248 of [13]) can be exactly written as (cf.
Section 2):

Zλ,µ(x−y, t;y, τ) =
e−|x−y|2/4µ(t−τ)

(4πµ(t−τ))n/2
In+


∂2Wλ,µ(x−y,t−τ)

∂x2
1

· · · ∂2Wλ,µ(x−y,t−τ)
∂x1∂xn

...
...

∂2Wλ,µ(x−y,t−τ)
∂xn∂x1

· · · ∂2Wλ,µ(x−y,t−τ)

∂x2
n

 ,(3.6)

where

Wλ,µ(x− y, t− τ) :=

(
e−|x−y|2/4(λ+2µ)(t−τ)(
4π(λ+ 2µ)(t− τ)

)n/2 − e−|x−y|2/4µ(t−τ)(
4πµ(t− τ)

)n/2
)

∗ 1

n(n− 2)ωn|x− y|n−2
(3.7)

=

∫
Rn

1

n(n− 2)ωn|z|n−2

(
e−|x−y−z|2/4(λ+2µ)(t−τ)(
4π(λ+ 2µ)(t− τ)

)n/2 − e−|x−y−z|2/4µ(t−τ)(
4πµ(t− τ)

)n/2
)
dz.

Note that for the fundamental solution Zλ,µ(x, t) in Section 2, we have taken τ ≡ 0 and replaced x−y
by x; but in this section, we always take 0 ≤ τ < t ≤ T as in [13] and simply write Zλ,µ(x−y, t− τ)
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as Zλ,µ(x − y, t;y, τ). Following the parameter method (see, p. 252, proof of Theorem 2 in §4 of
Chapter 9 of [13]), we have

Γ(x, t;y, τ) = Zλ,µ(x− y, t;y, τ) +
∫ t

τ
dσ

∫
Rn

Zλ,µ(x−w, t;w, σ)Φ(w, σ;y, τ)dw(3.8)

with Φ is an n× n matrix. Let K be the n× n matrix whose jth row Kj is given by

Kj(x, t;y, τ)=
[
−Mj(x, t, ∂x)− δj∂t

]
Zλ,µ(x− y, t;y, τ)(3.9)

=[−M0j(x, t, ∂x)+M0j(y, t, ∂x)
]
Zλ,µ(x−y, t;y, τ)−M1j(x, t, ∂x)Zλ,µ(x−y, t;y, τ)

=
((

− (b(x, t) · ∇x)− c(x, t)
)
Zλ,µ(x− y, t;y, τ)

)
j
,

where δj∂tZλ,µ = ∂tZ
j
λ,µ, M0j(x, t, ∂x) =

(
Lλ,µ

)
j
and M1j(x, t, ∂x) =

(
b(x, t) · ∇x + c(x, t)

)
j
. Here

we have used the fact that M0j(x, t, ∂x) = M0j(y, t, ∂x) =
(
Lλ,µ

)
j
for all (x, t), (y, t) ∈ Rn × [0,∞).

It follows from the proof of Theorem 2 of Chpter 9, §2 of [13] that the series

Φ(x, t;y, τ) =

∞∑
m=1

Km(x, t;y, τ)(3.10)

is convergent, where K1 =K,

Km(x, t;y, τ) =

∫ t

τ
dσ

∫
Rn

K1(x, t;w, σ)Km−1(w, σ;y, τ) dw,(3.11)

and

Γ(x, t;y, τ) = Zλ,µ(x− y, t;y, τ) +
∫ t

τ
dσ

∫
Rn

Zλ,µ(x−w, t;w, σ)
∞∑

m=1

Km(w, σ;y, τ) dw(3.12)

is a fundamental solution of (3.4). The proof for the convergence of the above series (3.12) can be
found in §4 of Chap. 9 in [13].

Let ϕ ∈ S (Rn), and let f(x, t) be a continuous vector-valued function in Rn × [0, T ], Hölder

continuous in x uniformly in bounded subset of Rn × [0, T ], and |f(x, t)| ≤ Aea|x|
2
in Rn × [0, T ]. It

follows from (4.27) on p. 256–257 of [13] and Theorem 3 of [13] that

v(x, t) =

∫
Rn

Γ(x, t;y, 0)ϕ(y) dy −
∫ t

0

∫
Rn

Γ(x, t;y, τ)f(y, τ) dτ dy(3.13)

is a solution of the initial value problem (3.1).

3.2. Basic inequalities. For any integers r, l ≥ 0, let us set

∥ϕ∥Cr(Rn) := max
|α|≤r; x∈Rn

|∂α
xϕ(x)|,

∥v∥Cr,l(Rn×[0,t]) = max
|α|≤r; k≤l; x∈Rn; 0≤σ≤t

∣∣∂k
σ∂

α
x v(x, σ)

∣∣,
9E9 := max

1≤j,k≤n
|Ejk| for a matrix E =

(
Ejk

)
n×n

.

(3.14)

On p. 251 and p. 255 of [13], the following inequality was proved by A. Friedman for the fundamental
solution Γ(x, t;y, τ) of (3.1) with f ≡ 0:

9∂α
xΓ(x, t;y, τ)9 ≤ Cα

(t− τ)(n+|α|)/2 e
−cα |x−y|2/(t−τ),(3.15)

where 0 ≤ |α| ≤ 2, and Cα and cα are positive constants depending only on λ, µ, on bounds of
|∂h

xb(x, t)| and |∂h
xc(x, t)|, (|h| ≤ |α|). However, the inequalities (3.15) are not enough to obtain the
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global existence and regularity of solutions for the parabolic inertial Lamé system and Navier-Stokes
equations. This forces us to look for stronger inequalities.

It is well-known that for the initial value problem of scalar parabolic equation{ ∂u
∂t − µ∆u+

∑n
j=1 bj(x, t)

∂u
∂xj

+ c(t,x)u = 0 x ∈ Rn, 0 ≤ t ≤ T,

u(x, 0) = ϕ(x), x ∈ Rn,
(3.16)

with continuous and bounded functions bj(x, t) and c(x, t) ≥ 0, the maximum principle holds, from
which one has the following sup norm estimates:

∥u(x, t)∥C(Rn×[0,T ]) ≤ ∥ϕ∥C(Rn).(3.17)

In other words, the corresponding parabolic operator semigroup Ttϕ(x) := u(x, t) of (3.16) is con-
traction on C0(Rn), and (3.17) can also be got by the inequality of the fundamental solution:

9Γ(x, t;y, τ)9 ≤ e−|x−y|2/4µ(t−τ)

(4πµ(t− τ))n/2
for any x,y ∈ Rn and t > τ,(3.18)

where Γ(x, t;y, τ) is the fundamental solution of (3.16).

For a general linear parabolic Lamé system, the maximum principle may not hold true. However,
when the coefficients of equations are constants, we have the following theorem which plays similar
role as the fundamental solution and the sup norm estimates:

Theorem 3.1. Let µ > 0 and λ + µ ≥ 0. Assume that b is a real constant vector and c is a non-
negative constant. Suppose that u(x, t) (respectively, Γ(x, t;y, τ)) is the solution of initial problem
(respectively, fundamental solution) of linear parabolic Lamé system{ (

∂
∂t − µ∆− (λ+ µ) grad div + (b · ∇) + c

)
u = 0, x ∈ Rn, t > τ ≥ 0,

u(x, τ) = ϕ(x), x ∈ Rn.
(3.19)

(i) Then the following inequality holds

9Γ(x, t;y, τ)9 ≤ C1

(t− τ)n/2
e−c1 |x−y|2/(t−τ),(3.20)

furthermore,

∥u(x, t)∥C(Rn×[0,T ]) ≤ C∥ϕ∥C(Rn),(3.21)

where the positive constants C1, c1 and C are independent of λ, b, c ≥ 0 and T , and depend only on
the Lamé constant µ > 0.

(ii) If b = 0 and c = 0, then for any |α| ≥ 0, the following inequality holds

9∂α
xΓ(x, t;y, τ)9 = 9∂α

xZλ,µ(x− y, t;y, τ)9 ≤ Cα

(t−τ)(n+|α|)/2 e
−cα |x−y|2/(t−τ),(3.22)

where the constants Cα, cα are independent of λ and T , and depend only on the Lamé constant
µ > 0.

Lemma 3.2 (see, Lemma 1 on p. 242 of [13]). Let g(ζ) be a continuous real-valued function in
the n-dimensional complex space Cn and assume that g(κζ) = κ2g(ζ) for any κ ≥ 0, ζ ∈ Cn, and

g(ξ) ≤ −σ|ξ|2 for all ξ ∈ Rn,(3.23)

where σ is some positive constant. Then there exists a constant a > 0 depending only on σ such that

g(ξ + iη) ≤ −σ

2
|ξ|2 + a|η|2 for all ξ ∈ Rn,η ∈ Rn.(3.24)
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Proof of Theorem 3.1. Let v(x, t; τ) be the (fundamental) solution of{(
∂
∂t − µ∆− (λ+ µ) grad div + (b · ∇) + c

)
v = 0, x ∈ Rn, t > τ ≥ 0,

v(x, τ ; τ) = δ(x)In, x ∈ Rn.
(3.25)

We write tentatively

v(x, t; τ) =
1

(2π)n

∫
Rn

eix·ξ v̂(ξ, t; τ) dξ,(3.26)

where v̂(ξ, t; τ) is the Fourier transform of v(x, t; τ) with respect to x. Clearly,

∂α
x v(x, t; τ) =

1

(2π)n

∫
Rn

eix·ξ (iξ)α v̂(ξ, t; τ)dξ.

Substituting (3.26) into (3.25), we have

(3.27)
1

(2π)n

[
∂
∂t

(∫
Rne

ix·ξ v̂(ξ, t; τ) dξ
)
−µ∆

(∫
Rne

ix·ξ v̂(ξ, t; τ) dξ
)
−(λ+µ) grad div

(∫
Rne

ix·ξ v̂(ξ, t; τ) dξ
)

+(b·∇)
(∫

Rne
ix·ξ v̂(ξ, t; τ) dξ

)
+c
(∫

Rne
ix·ξ v̂(ξ, t; τ) dξ

)]
=0, x ∈ Rn, t > τ ≥ 0,

1
(2π)n

∫
Rn e

ix·ξ(v̂(ξ, τ ; τ)− In) dξ = 0, x ∈ Rn,

i.e.,

(3.28){
1

(2π)n

∫
Rne

ix·ξ[ ∂
∂t+µ|ξ|2In+(λ+µ)ξξT+i(b·ξ)In+cIn

]
v̂(ξ, t; τ)dξ=0, x ∈ Rn, t > τ,

1
(2π)n

∫
Rn e

ix·ξ(v̂(ξ, τ ; τ)− In) dξ = 0, x ∈ Rn,

where ξξT :=

 ξ21 · · · ξ1ξn
...

...
ξnξ1 · · · ξ2n

. We first calculate the solution v̂(ξ, t; τ) of the symbol equations

{
dv̂(ξ,t;τ)

dt = −Av̂(ξ, t; τ), x ∈ Rn, t > τ,
v̂(ξ, τ ; τ) = In, x ∈ Rn.

(3.29)

where A := µ|ξ|2In + (λ+ µ)ξξT + i
(
b · ξ

)
In + cIn. Set

B :=

∫ t

τ

[
µ|ξ|2In + (λ+ µ)ξξT + i(b · ξ)In + cIn

]
ds.

For any n×n matrixM , the matrix exponential eM is defined by Taylor series eM :=
∑∞

k=0
Mk

k! . It is
well-known that the solution v̂(ξ, t; τ) of the ordinary differential system (3.29) can be obtained from
the resolvent expression (ϑIn −B)−1 of matrix-valued function B by the Cauchy integral formula:

e−B =
1

2πi

∫
C
e−ϑ(ϑIn −B)−1dϑ, t > τ,

where ϑ ∈ C, and C is a suitable curve (contour) in the complex plane C in the positive direction
around the spectrums of B. Therefore (see, for example, p. 16, §4 of Chapt. 1 of [44]),

v̂(ξ, t; τ) = e−(t−τ)(µ|ξ|2In+(λ+µ)ξξT )−
∫ t
τ [i(b·ξ)In+cIn]ds.(3.30)
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The above representation (3.30) follows from the matrix calculus of (matrix-valued) exponential
function:

d

dt
e−B = e−B

(
−dB

dt

)
=

(
−dB

dt

)
e−B = −Ae−B,

and the fact that the three matrices −(t−τ)
(
µ|ξ|2In + (λ+ µ)ξξT

)
, −

∫ t
τ [i(b · ξ)In] ds, −

∫ t
τ [cIn] ds

are commutable each other. Since v̂(ξ, t; τ) is the unique solution of (3.29), it follows from (3.28)
that

v(x, t; τ)=
1

(2π)n

∫
Rn

eix·ξ v̂(ξ, t; τ)dξ

is the solution of (3.25). v̂(ξ, t; τ) is also called the Green matrix of (3.29) (see, p. 241 of [13]).
Now, we will estimate 9v̂(ξ, t; τ)9 (i.e., sup norm of the Green matrix v̂(ξ, t; τ)). Clearly,

e−(t−τ)(µ|ξ|2In+(λ+µ)ξξT )−
∫ t
τ [i(b·ξ)In+cIn]ds(3.31)

= e−(t−τ)(µ|ξ|2In+(λ+µ)ξξT ) e−
∫ t
τ [i(b·ξ)In]ds e−

∫ t
τ [cIn]ds.

Here we have used the well-known result that eE1+E2 = eE1eE2 holds for any two n×n matrices E1

and E2 if and only if E1E2 = E2E1. Since i(b · ξ) is a purely imaginary-valued function and c ≥ 0,

we have 9e−
∫ t
τ [i(b·ξ)In]ds9 ≤ 1 and 9e−

∫ t
τ [cIn]ds9 ≤ 1, which lead to

9e−(t−τ)(µ|ξ|2In+(λ+µ)ξξT )−
∫ t
τ [i(b·ξ)In+cIn]ds9 ≤ 9e−(t−τ)(µ|ξ|2In+(λ+µ)ξξT ) 9 .(3.32)

It remains to estimate 9e−(t−τ)(µ|ξ|2In+(λ+µ)ξξT )9. Applying the Cauchy integral formula, we see
(cf. (2.12)) that

e−(t−τ)[µ|ξ|2+(λ+µ)ξξT ] =
1

2πi

∫
C
e−(t−τ)ϑ

[
ϑIn − µ|ξ|2 − (λ+ µ)ξξT

]−1
dϑ.

In Section 2, we have given the explicit expression:
(
ϑIn−µ|ξ|2−(λ+µ)ξξT

)−1
= ι
(
(ϑI−Lλ,µ)

−1) =
1

ϑ−µ|ξ|2 In + µ+λ(
ϑ−µ|ξ|2

)(
ϑ−(2µ+λ)|ξ|2

)ξξT (see, (2.18) and (2.20)). Combining this and (2.21) we have

e−(t−τ)[µ|ξ|2+(λ+µ)ξξT ] = e−(t−τ)µ|ξ|2In +
1

|ξ|2
(
e−(t−τ)(λ+2µ)|ξ|2 − e−(t−τ)µ|ξ|2)ξξT .(3.33)

Noting that λ+ 2µ ≥ µ and
|ξjξk|
|ξ|2 ≤ 1

2 for all 1 ≤ j, k ≤ n, we find by (3.33) that

9e−(t−τ)[µ|ξ|2+(λ+µ)ξξT ]9 ≤ 2 e−(t−τ)µ|ξ|2 for all ξ ∈ Rn.(3.34)

Combining (3.30), (3.31), (3.32) and (3.34), we obtain

9v̂(ξ, t; τ)9=9e−(t−τ)(µ|ξ|2In+(λ+µ)ξξT)e−
∫ t
τ [i(b·ξ)In]ds e−

∫ t
τ [cIn]ds9≤ 2e−(t−τ)µ|ξ|2 .(3.35)

Set

g(ζ) = −µ|ζ|2 for all ζ = ξ + iη ∈ Cn.

Clearly, g(κζ) = −κ2µ|ζ|2 for any κ ≥ 0, ζ ∈ Cn, and

g(ξ) = −µ|ξ|2 for all ξ ∈ Rn.

It follows from Lemma 3.2 that there exists a constant a > 0 depending only on the Lamé constant
µ such that

g(ξ + iη) ≤ −µ

2
|ξ|2 + a|η|2 for all ξ ∈ Rn,η ∈ Rn.(3.36)
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Thus, in view of (3.35) and (3.36) we obtain

9v̂(ξ + iη, t; τ)9 ≤ 2e(t−τ)
(
−µ

2
|ξ|2+a|η|2

)
.(3.37)

On the other hand, we will regard (3.29) as complex ordinary differential equations (i.e., complex-
ification of variables ξ of the given differential equations). By a standard theorem for ordinary
differential equations, it follows that v̂(ζ, t; τ) are also entire functions of ζ := ξ + iη. Applying
Cauchy’s (integral) theorem and (3.37), we find that the matrix-valued function

Γ(x, t;y, τ) = Γ(x− y, t;y, τ) = 1

(2π)n

∫
Rn

ei(x−y)·(ξ+iη)v̂(ξ + iη, t; τ)dξ (t > τ)(3.38)

is independent of η and, hence, coincides with the matrix-valued function defined by

Γ(x− y, t;y, τ) = v(x, t; τ) = 1

(2π)n

∫
Rn

ei(x−y)·ξ v̂(ξ, t; τ)dξ.(3.39)

This point of view stems from a discussion in lines 8–11 on p. 245 of [13]. Using (3.37) and (3.38),
we get

9Γ(x− y, t;y, τ)9 ≤ 2

(2π)n
e−η·(x−y) ea(t−τ)|η|2

∫
Rn

e−
µ
2
(t−τ)|ξ|2dξ.(3.40)

Noting that for any p > 0 we can choose q := p such that

pq = (p2 + q2)/2.(3.41)

Taking ηk = |ηk| sgn (xk − yk), |η1| = · · · = |ηn|,

p =
|x− y|

n[2a(t− τ)]1/2
,

and then choosing |η| such that (3.41) holds for q = [2a(t− τ)]1/2|η|, we obtain

−η · (x− y) + (t− τ)a|η|2 ≤ −|η| |x− y|
n

+ (t− τ)a|η|2 = −a1|x− y|2

t− τ

for some positive constant a1 := 1/(4n2a) depending only on µ. Substituting this into (3.40) we get

9Γ(x− y, t;y, τ)9 ≤ 2

(2π)n
e−a1|x−y|2/(t−τ)

∫
Rn

e−
µ
2
(t−τ)|ξ|2dξ.(3.42)

Just as the proof from line -5 to line -1 on p. 245 of [13], taking polar coordinates and then substituting

ρ = |ξ|(t− τ)1/2 we find that the integral on the right-hand side of (3.42) is bounded by a constant
times

(t− τ)n/2
∫ ∞

0
ρn−1e−

µ
2
ρ2 ≤ const. (t− τ)−n/2.

Substituting this into (3.42) we obtain (3.20), in which the constants C1 and c1 are independent of
λ, b and c ≥ 0, and depend only on the Lamé constant µ.

Moreover, for any x ∈ Rn and t ∈ (0, T ], we have

|u(x, t)| =
∣∣∣ ∫

Rn

Γ(x, t;y, 0)ϕ(y) dy
∣∣∣

≤
∫
Rn

9Γ(x, t;y, 0)9 ∥ϕ∥C(Rn)dy

≤
∫
Rn

C1

tn/2
e−c1 |x−y|2/t∥ϕ∥C(Rn)dy = C∥ϕ∥C(Rn),
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which implies the desired result (3.20), where the constant C =
∫
Rn

C1

tn/2 e
−c1 |x−y|2/tdy is independent

of b, c ≥ 0 and T , and depends only on µ.
To prove ii) (that is, (3.22) for |α| ≥ 0 under conditions b = 0 and c = 0), as in p. 246 of [13], we

use the equality

∂α
xΓ(x, t;y, τ) = ∂α

xZλ,µ(x− y, t;y, τ) = 1

(2π)n

∫
Rn

(
i(ξ + iη)

)α
ei(ξ+iη)·(x−y)v̂(ξ + iη, t; τ)dξ.

It follows this and (3.40) that (cf. p. 246 of [13])

|∂α
xΓ

jk(x− y, t;y, τ)| ≤ c̃1|η||α|e−η·(x−y)ea(t−τ)|η|2
∫
Rn

e−
µ
2
(t−τ)|ξ|2dξ(3.43)

+c̃1e
−η·(x−y)ea(t−τ)|η|2

∫
Rn

|ξ||α|e−
µ
2
(t−τ)|ξ|2dξ

≡ J1 + J2.

To estimate J2 we proceed as in the case α = 0 and note that∫
Rn

|ξ||α|e−
µ
2
(t−τ)|ξ|2dξ ≤ const. (t− τ)−(n+|α|)/2

∫ ∞

0
ρn+|α|−1e−

µ
2
ρ2 dρ

const. (t− τ)−(n+|α|)/2.

Thus J2 is bounded by the right-hand side of (3.22).
As for J1, we also proceed as in p. 246 of [13], with p given, the q for which (3.41) holds is p = q.

Since |η| is chosen so that q = [2a(t− τ)]1/2|η|, we get

|η| = a2

(
|x− y|

(t− τ)1/2

)
(t− τ)−1/2,(3.44)

where a2 := 1/(2na) depends only on µ. Replacing the factor |η||α| in J1 by the |α|th power of the
right-hand side of (3.44) and estimating the remaining factors of J1 as in the case α = 0 we see, upon

using the inequality t1/2e−ϵ t ≤ const. for any fixed ϵ > 0 and 0 ≤ t < ∞, that J1 is also bounded by
the right-hand side of (3.22). According to (3.43), the proof of (3.22) for any α is thereby completed.
In other words, we get the inequality (3.22) for the fundamental solution Γ(x, t;y, τ). Since all the
associated constants in the above discussion depend only on µ and are independent of λ, b, c ≥ 0
and T , so do the constants C1, c1, Cα, cα. □

Remark 3.3. When λ + µ = 0, Theorem 3.1 becomes a classical known result for the fundamental
solution of the heat equations (see, for example, [13], [15] and [11]).

Lemma 3.4 (Young’s inequality, see, Theorem 1.3 of Chapter I, p. 3 of [41]). If f ∈ Lp(Rn),
1 ≤ p ≤ ∞, and g ∈ L1(Rn) then the convolution h = g ∗ f is well defined and belongs to Lp(Rn).
Moreover,

∥h∥Lp(Rn) ≤ ∥g∥L1(Rn)∥f∥Lp(Rn).(3.45)

Theorem 3.5. Let n > 2, and let Hm(Rn) = {h ∈ L2(Rn)
∣∣∂αh ∈ L2(Rn) for |α| ≤ m} be the

Sobolev space. Suppose that
(
e−tLλ,µ

)
t≥0

is the strongly continuous semigroup generated by −Lλ,µ on

Hm(Rn), Then∥∥e−tLλ,µϕ
∥∥
Hm+1(Rn)

≤ Ct−1/2∥ϕ∥Hm(Rn) for any ϕ ∈Hm(Rn), 0 < t ≤ 1,(3.46)

i.e., ∥∥e−tLλ,µ∥L(Hm(Rn),Hm+1(Rn)) ≤ Ct−1/2, for all 0 < t ≤ 1,(3.47)
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where the constant C is independent of λ, and depends only on µ.

Proof. From (2.8) of Theorem 2.1 we know

e−tLλ,µϕ(x) =
e−|x|2/4µt

(4πµt)n/2
∗ ϕ(x) +

(
e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2
− e−|x|2/4µt

(4πµt)n/2

)
∗ψ(x)(3.48)

where ψ is the Newtonian potential of grad divϕ, i.e., ψ(x) = 1
n(n−2)ωn|x|n−2 ∗ (grad divϕ(x)).

Obviously, ψ := ψ(ϕ) is a linear vector-valued function of ϕ. Let the multi-indices α, β satisfy

|α| ≤ m, |β| = 1. Taking the partial derivatives ∂α
x , respectively ∂β

x∂
α
x on both sides of (3.48), we

get

∂α
x

(
e−tLλ,µϕ(x)

)
=

e−|x|2/4µt

(4πµt)n/2
∗
(
∂α
xϕ(x)

)
(3.49) (

e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2
− e−|x|2/4µt

(4πµt)n/2

)
∗
(
∂α
xψ(x)

)
,

∂β
x∂

α
x

(
e−tLλ,µϕ(x)

)
=

(
∂β
x

( e−|x|2/4µt

(4πµt)n/2

))
∗
(
∂α
xϕ(x)

)
(3.50)

+

(
∂β
x

(
e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2
− e−|x|2/4µt

(4πµt)n/2

))
∗
(
∂α
xψ(x)

)
.

Here we have used the convolution property ∂α(f ∗ g) = (∂αf)∗ g = f ∗ (∂αg). It follows from (3.22)

of Theorem 3.1 that there exist positive constants Cβ, cβ, C̃β, c̃β (which are independent of λ, and
depend only µ) such that∣∣∣∣∂β

x

( e−|x|2/4µt

(4πµt)n/2

)∣∣∣∣≤ Cβ

t1/2
e−cβ|x|2/t

tn/2
,

∣∣∣∣∂β
x

( e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2

)∣∣∣∣≤ C̃β

t1/2
e−c̃β|x|2/t

tn/2
.(3.51)

Combining (3.49)–(3.50) and (3.51), we find by applying Minkowski’s inequality and Young’s in-
equality (see, Lemma 3.4) that for any |α| ≤ m and |β| = 1,∥∥∂α

x

(
e−tLλ,µϕ(x)

)∥∥
L2(Rn)

=

∥∥∥∥ e−|x|2/4µt

(4πµt)n/2
∗
(
∂α
xϕ(x)

)
(3.52)

+

(
e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2
− e−|x|2/4µt

(4πµt)n/2

)
∗
(
∂α
xψ(x)

)∥∥∥∥
L2(Rn)

≤
∥∥∥∥ e−|x|2/4µt

(4πµt)n/2
∗
(
∂α
xϕ(x)

)∥∥∥∥
L2(Rn)

+

∥∥∥∥( e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2
− e−|x|2/4µt

(4πµt)n/2

)
∗
(
∂α
xψ(x)

)∥∥∥∥
L2(Rn)

≤
∥∥∥∥ e−|x|2/4µt

(4πµt)n/2

∥∥∥∥
L1(Rn)

∥∥∂α
xϕ(x)

)∥∥
L2(Rn)

+

∥∥∥∥( e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2
− e−|x|2/4µt

(4πµt)n/2

)∥∥∥∥
L1(Rn)

∥∥∥∂α
xψ(x)

)∥∥∥
L2(Rn)

≤
∥∥∂α

xϕ(x)
∥∥
L2(Rn)

+ 2
∥∥∂α

xψ(x)
)∥∥

L2(Rn)
,
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x∂

α
x

(
e−tLλ,µϕ(x)

)∥∥∥
L2(Rn)

=

∥∥∥∥(∂β
x

( e−|x|2/4µt

(4πµt)n/2

))
∗
(
∂α
xϕ(x)

)
(3.53)

+

(
∂β
x

( e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2
− e−|x|2/4µt

(4πµt)n/2

))
∗
(
∂α
xψ(x)

)∥∥∥∥
L2(Rn)

≤
∥∥∥∥(∂β

x

( e−|x|2/4µt

(4πµt)n/2

))
∗
(
∂α
xϕ(x)

)∥∥∥∥
L2(Rn)

+

∥∥∥∥(∂β
x

( e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2
− e−|x|2/4µt

(4πµt)n/2

))
∗
(
∂α
xψ(x)

)∥∥∥∥
L2(Rn)

≤
∥∥∥∥∂β

x

( e−|x|2/4µt

(4πµt)n/2

)∥∥∥∥
L1(Rn)

∥∥∂α
xϕ(x)

∥∥
L2(Rn)

+

∥∥∥∥∂β
x

(
e−|x|2/4(λ+2µ)t

(4π(λ+ 2µ)t)n/2
− e−|x|2/4µt

(4πµt)n/2

)∥∥∥∥
L1(Rn)

∥∥∂α
xψ(x)

)∥∥
L2(Rn)

≤
∥∥∥∥ 1

t1/2
Cβe

−cβ|x|2/t

tn/2

∥∥∥∥
L1(Rn)

∥∥∂α
xϕ(x)

∥∥
L2(Rn)

+

(
1

t1/2

∥∥∥∥C̃βe
−c̃β|x|2/t

tn/2

∥∥∥∥
L1(Rn)

+
1

t1/2

∥∥∥∥Cβe
−cβ|x|2/t

tn/2

∥∥∥∥
L1(Rn)

)∥∥∂α
xψ(x)

∥∥
L2(Rn)

≤
C ′1
β

t1/2

∥∥∂α
xϕ(x)

∥∥
L2(Rn)

+
C ′1
β + C ′2

β

t1/2

∥∥∂α
xψ(x)

)∥∥
L2(Rn)

,

where the constants C ′1
β =

∫
Rn

Cβ e
−cβ |x|2/t

tn/2 dx and C ′2
β =

∫
Rn

C̃β e
−c̃β |x|2/t

tn/2 dx are independent of λ,
and depend only on µ. Therefore, for 0 < t ≤ 1,

(3.54) ∥∥ e−tLλ,µϕ(x)
∥∥
Hm+1(Rn)

≤ C ′′
1

t1/2

∥∥ϕ(x)∥∥
Hm(Rn)

+
C ′′
1 + C ′′

2

t1/2

∥∥ψ(x))∥∥
Hm(Rn)

,

where the constants C ′′
1 = 1 + max

|β|=1

∫
Rn

Cβ e
−cβ |x|2/t

tn/2 dx and C ′′
2 = 2 + max

|β|=1

∫
Rn

C̃β e
−c̃β |x|2/t

tn/2 dx are

independent of λ, and depend only on µ.
For given ϕ ∈ Hm(Rn), since Hm(Rn) = Hm

0 (Rn), there exist vector-valued (compact support)
functions ϕl ∈ C∞

c (Rn) such that ϕl → ϕ inHm(Rn) as l → +∞. We define ψl to be the Newtonian
potential of grad div ϕl, i.e., {

−∆ψl = grad div ϕl in Rn,
ψl(x) → 0 as |x| → +∞.

Clearly,

ψl(x) =
1

n(n− 2)ωn|x|n−2
∗
(
grad div ϕl(x)

)
(3.55)

= grad div
( 1

n(n− 2)ωn|x|n−2
∗ ϕl(x)

)
:= grad div ψ̃l,

where ψ̃l satisfies the Poisson equation{
−∆ψ̃l = ϕl in Rn,

ψ̃l(x) → 0 as |x| → +∞.
(3.56)
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It follows from a direct calculation (see also, (3) on p. 328 of [11], or (9.34) on p. 235 of [16]) that∫
Rn

|D2ψ̃l|2dx =

∫
Rn

|∆ψ̃l|2dx,

so that by (3.56) ∫
Rn

|D2ψ̃l|2dx =

∫
Rn

|ϕl|2dx.

This equality and (3.55) impliy ∫
Rn

|ψl|2dx =

∫
Rn

|grad div ψ̃l|2dx(3.57)

≤
∫
Rn

|D2ψ̃l|2dx

=

∫
Rn

|ϕl|2dx.

From the first equality of (3.55) we have

∂α
xψl(x) =

1

n(n− 2)ωn|x|n−2
∗ grad div ∂α

xϕl(x),(3.58)

that is, ∂α
xψl satisfies the following equations{

−∆(∂α
xψl) = grad div ∂α

xϕl in Rn,
∂α
xψl(x) → 0 as |x| → +∞.

It follows from Green’s formula that∫
Rn

∣∣∇(∂α
xψl

)∣∣2dx =
∣∣∣−∫

Rn

(
∂α
xψl

)
·
(
∆∂α

xψl

)
dx
∣∣∣

=
∣∣∣ ∫

Rn

(
∂α
xψl

)
·
(
grad div (∂α

xϕl)
)
dx
∣∣∣

=
∣∣∣−∫

Rn

(
div (∂α

xψl)
)(
div (∂α

xϕl)
)
dx
∣∣∣

≤
(∫

Rn

∣∣∇(∂α
xψl)

∣∣2)1/2(∫
Rn

∣∣∇(∂α
xϕl)

∣∣2)1/2,
Consequently (∫

Rn

∣∣∇(∂α
xψl

)∣∣2dx)1/2 ≤ (∫
Rn

∣∣∇(∂α
xϕl)

∣∣2)1/2 for all |α| ≤ m− 1.(3.59)

By a similar way, we can get that(∫
Rn

∣∣∇(∂α
x (ψl−ψk

)∣∣2dx)1
2 ≤
(∫

Rn

∣∣∇(∂α
x (ϕl−ϕk)

∣∣2)1
2

for all 1≤ l, k < ∞, |α|≤ m−1.(3.60)

Passing to limits in (3.59) and (3.57) as l → ∞, we deduce

∥ψ∥Hk(Rn) ≤ ∥ϕ∥Hk(Rn) for any 0 ≤ k ≤ m(3.61)

because of (3.60), where ψ(x) = 1
n(n−2)ωn|x|n−2 ∗ grad div ϕ(x). From this and (3.54) we conclude

that for any ϕ ∈Hm(Rn),∥∥e−tLλ,µϕ(x)
∥∥
Hm+1(Rn)

≤
(

C ′′
1

t1/2
+

C ′′
1 + C ′′

2

t1/2

)∥∥ϕ(x))∥∥
Hm(Rn)

.

□
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4. Existence and uniqueness of global smooth solutions for the parabolic inertial Lamé
equations

In this section we will consider the existence and uniqueness of global smooth solutions of the
initial problem for the parabolic inertial Lamé equations with n = 3:{

∂u
∂t − µ∆u− (λ+ µ) grad div u+ (u · ∇)u = 0, x ∈ Rn, t ≥ 0,
u(0,x) = ϕ(x), x ∈ Rn.

(4.1)

Lemma 4.1 (Propositions 3.6 and 3.7 of Chapter 13 in [45]). If |β|+ |γ| = k. Then

∥(Dβf)(Dγg)∥L2 ≤ C∥f∥L∞∥g∥Hk + C∥f∥Hk ∥g∥L∞ ,(4.2)

∥f · g∥Hk ≤ C∥f∥L∞∥g∥Hk + C∥f∥Hk∥g∥L∞ ,(4.3)

for all f, g ∈ C0(Rn) ∩Hk(Rn), where C0(Rn) = {f ∈ C(Rn)
∣∣ |f(x)| → 0 as |x| → +∞}.

Theorem 4.2. Given ϕ ∈ S (Rn), there exists a T0 > 0 (which is independent of λ) such that the
parabolic inertial Lamé equations (4.1) admits a unique solution u ∈ C([0, T0];H

m+1(Rn)∩C0(Rn)),
m > n/2, with the initial ϕ. Moreover

u ∈ C∞(Rn × [0, T0]).(4.4)

Proof. In (4.1), for short, we suppress (t, x)-variables and set

Lλ,µu := −µ∆u− (λ+ µ) grad div u, Φ(u) = (u · ∇)u.

We convert (4.1) to the integral equation

u(t) = e−tLλ,µϕ+

∫ t

0
e−(t−s)Lλ,µΦ(u(s))ds.(4.5)

This equality is actually an equivalent expression of (3.13) for the solution if we replace f(y, τ) by
−Φ(u(s)) (Duhamel’s principle, see, p. 24 and p. 27 of [44], or p. 314 of [45]). Denote

Ψu(t) := e−tLλ,µϕ+

∫ t

0
e−(t−s)Lλ,µΦ(u(s))ds,(4.6)

and put

X =Hm+1(Rn) ∩ C0(Rn), Y =Hm(Rn) ∩ C0(Rn), m > n/2.

From (3.46) of Theorem 3.5, we have that∥∥e−tLλ,µh
∥∥
Hm+1(Rn)

≤ C1t
−1/2∥h∥Hm(Rn) for any h ∈Hm(Rn), 0 < t ≤ 1,(4.7)

where the constant C1 is independent of λ, and depends only on the Lamé constant µ > 0. Note
that ∥h∥Hm(Rn) ≤ ∥h∥Hm+1(Rn) for any h ∈ Hm+1(Rn), and that Hm+1(Rn), (m > n

2 ), can be

compactly imbedded in C1
0 (Rn). This implies (u ·∇)u− (ũ ·∇)ũ = (u ·∇)(u− ũ)+ ((u− ũ) ·∇)ũ ∈

C([0, T ];Hm(Rn)) for any u, ũ ∈ C([0, T ];Hm+1(Rn)). Then, the following four conditions hold:
(a) e−tLλ,µ : X → X is a strongly continuous semigroup, for t ≥ 0;
(b) Φ : X → Y is Lipschitz, uniformly on bounded sets;
(c) e−tLλ,µ : Y → X, for t > 0;

(d) ∥e−tLλ,µ∥L(Y,X) ≤ C1

t1/2
, for t ∈ (0, 1].

It is easy to see that Ψ acts on C([0, T ]);X), for each T > 0. Fix σ > 0, and set

Z = {u ∈ C([0, T ];X)
∣∣u(0) = ϕ, ∥u(t)− ϕ∥X ≤ σ}.(4.8)
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We want to pick T small enough that Φ : Z → Z is a contraction mapping. By condition (a), we can
choose T1 so that ∥e−tLλ,µϕ − ϕ∥X ≤ σ/2 for t ∈ [0, T1]. Now, if u ∈ Z, then, by condition (b), we
have a bound ∥Φ(u(s))∥Y ≤ K1, for s ∈ [0, T1], so, using condition (d), we obtain∥∥∥∥∫ t

0
e−(t−s)Lλ,µΦ(u(s)) ds

∥∥∥∥
X

≤ C1t
1/2K1.(4.9)

If we pick T2 ≤ T1 small enough, this will be ≤ σ/2 for t ∈ [0, T2]; therefore Ψ : Z → Z, provided
T ≤ T2. To arrange that Ψ be a contraction, we again use condition (b) to get

∥Φ(u(s))− Φ(ũ(s))∥Y ≤ K∥u(s)− ũ(s)∥X ,

for u, ũ ∈ Z. Thus, for t ∈ [0, T2],

∥Ψ(u)(t)−Ψ(ũ)(t)∥X =
∥∥∥∫ t

0
e−(t−s)Lλ,µ

[
Φ(u(s))− Φ(ũ(s))

]
ds
∥∥∥
X

(4.10)

≤ C1t
1/2K sup ∥u(s)− ũ(s)∥X ;

and now if T := T0 ≤ T2 is chosen small enough, we obtain C1T0
1/2K < 1, making Ψ a contraction

mapping on Z. Hence Ψ has a unique fixed point u in Z, solving (4.5). In other words, u ∈ Z
satisfies

u(t) = e−tLλ,µϕ+

∫ t

0
e−(t−s)Lλ,µΦ(u(s)) ds, 0 ≤ t ≤ T0,(4.11)

or equivalently,{
∂u
∂t − µ∆u− (λ+ µ) grad div u+ (u · ∇)u = 0, x ∈ Rn, 0 ≤ t ≤ T0,
u(0,x) = ϕ(x), x ∈ Rn.

(4.12)

Clearly, u ∈ C([0, T0];H
m+1(Rn)). Recalling that there is a continuously (compact) imbedding

Hm+1(Rn) → C1
0 (Rn) for m > n/2, we thus have u,∇u ∈ C([0, T0];C0(Rn)). Let us write (4.12) as{
∂u
∂t − µ∆u− (λ+ µ) grad div u = F (x, t), x ∈ Rn, 0 ≤ t ≤ T0,
u(0,x) = ϕ(x), x ∈ Rn(4.13)

with F (x, t) := −(u(x, t) · ∇)u(x, t). Applying (4.3) of Lemma 4.1, we know (u(x, t) · ∇)u(x, t) ∈
C([0, T0];H

m(Rn)). By this and observing the equation (4.12), we immediately see that ∂u
∂t ∈

C([0, T0];H
m−1(Rn)). It follows from the regularity of linear parabolic system (cf. p. 384-388 of [11])

that u ∈ L2([0, T0];H
m+2(Rn)) ∩ C([0, T0];H

m+1(Rn)) and ∂u
∂t ∈ L2([0, T0];H

m(Rn)). In view of
ϕ ∈ S (Rn), we get that ∂α

xu(x, 0) ∈ C0(Rn) for all |α| = m > n/2, so, we find by the compatibility
condition (cf. p. 388 of [11]) that the smoothness of the t-derivatives can be extended up to t = 0. We
can iterate (or bootstrap) this argument repeatedly, and also, via the system of equations (4.13), to
obtain the regularity of x-derivatives and t-derivatives of u, i.e., u ∈ C∞(Rn×[0, T0]) (see, p. 382–390
of [11]).

Suppose there exists another solution ũ ∈ C([0, T0];H
m+1(Rn)) satisfying (4.12). Then we have

(4.14){
∂(u−ũ)

∂t −µ∆(u−ũ)−(λ+µ) grad div (u−ũ)+(u·∇)(u−ũ)+(u−ũ)·∇ũ=0, x∈Rn, 0≤ t≤T0,
(u− ũ)

∣∣
t=0

= 0, x ∈ Rn.

This is an initial-value problem of linear parabolic system for unknown vector-valued function u− ũ
with vanishing initial-value. Since u and ∇ũ is continuous and bounded in [0, T0]× Rn, and Hölder
continuous (exponent α) in x, uniformly with respect to (x, t) in bounded subsets of Rn × [0, T0],
we immediately see that (4.14) has a unique solution u− ũ = 0 by (3.13) and Friedman’s inequality
(3.15) (with α = 0). Thus, we have u = ũ ∈ C([0, T0];H

m+1(Rn)). □
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In the proof of Theorem 4.2, we have shown that the solution u of (4.12) is continuous bounded on
Rn × [0, T0], where T0 is estimable from below in terms of ∥ϕ∥Hm(Rn). But this bound is only valid
in a short time interval [0, T0]. Our purpose is to find larger time interval [0, T ] in which the solution
still exists with T > T0. The following theorem (the so-called “maximum principle” for the solutions
of the parabolic inertial Lamé equations in three-dimensional Euclidean space) is a stronger uniform
control estimate, which will play a key role in our arguments:

Theorem 4.3. Let µ > 0 and λ + µ ≥ 0, and suppose ϕ ∈ S (R3). If u ∈ C([0, T ];Hm+1(R3) ∩
C0(R3)) ∩C∞(R3 × [0, T ]), m > 3

2 , is the unique local smooth solution of{
∂u
∂t − µ∆u− (λ+ µ) grad div u+ (u · ∇)u = 0, x ∈ R3, 0 ≤ t ≤ T,
u(0,x) = ϕ(x), x ∈ R3.

(4.15)

with 0 < T ≤ ∞, then

∥u(x, t)∥C(R3×[0,T ]) ≤ C∥ϕ∥C(R3) for all 0 ≤ t ≤ T,(4.16)

where the constant C is independent of λ and T , and depends only on µ > 0.

Proof. 1. Set V := {g ∈ C0(R3) ∩C∞(R3)
∣∣ div g = 0}. Clearly, V is a linear space. Then, set

V j = closure of V inHj(R3), j = 0, 1, 2 · · · ,m+ 1.

It follows from the Hodge decomposition (see, p. 553 of [45] or p. 108 of [25]) that L2(R3) can be
decomposed into the direct sum of the following two spaces:

L2(R3) = V 0 ⊕ (V 0)⊥,

where

(V 0)⊥ = {k
∣∣k = grad p, p ∈ H1(R3)}.

Obviously, V 0 and (V 0)⊥, the two subspaces of L2(R3), are orthogonal on each other (see, for
example, Proposition 1.16 of [34]). From the well-known identities

div curl = 0, curl grad = 0,(4.17)

we also see (cf. Lemma 1.1 of Chapter 1 of [25]) that V 0 = closure of V in L2(R3), where V :=
{h
∣∣h = curl q, q ∈ C1

0(R3) ∩C∞(R3)}.
Since u ∈ C([0, T ];Hm+1(R3) ∩ C0(R3)) ∩ C∞(R3 × [0, T ]), m > 3

2 is the unique local smooth
solution of (4.15), it follows that u is just the unique smooth solution of the following linear parabolic
system with unknow vector field ũ:{

∂ũ
∂t − µ∆ũ− (λ+ µ) grad div ũ+ (u · ∇)ũ = 0, x ∈ R3, 0 ≤ t ≤ T,
ũ(0,x) = ϕ(x), x ∈ R3.

(4.18)

Applying the Hodge decomposition again (see, for example, Lemma 1.3 and Lemma 1.4 (on p. 59) of
Chapter 1 of [25]) that the solution ũ = u of (4.18) can be uniquely decomposed into the superposition
of a transverse field and a longitudinal field:

ũ = u = v +w,(4.19)

where v ∈ C∞([0, T ];C∞
0 (R3)) and w ∈ C∞([0, T ];C∞

0 (R3)) are the transverse and longitudinal
fields, respectively, i.e., they satisfy the conditions

div v = 0, curl w = 0.(4.20)

This decomposition corresponds to uniquely decomposing the elastic vector field into an isometric
expansion part and an irrotational part. In particular,

ϕ = ϕ1 + ϕ2 = v(0) +w(0), divϕ1 = 0 and curlϕ2 = 0,(4.21)
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where ϕ1, ϕ2 ∈ C0(R3) ∩C∞(R3). Substituting (4.19) into (4.18), we find by (4.20) that{
∂(v+w)

∂t − µ∆(v+w)− (λ+µ) grad div w+(u · ∇)(v+w) = 0, x ∈ R3, 0≤ t≤T,
u(x, 0) = ϕ1(x) + ϕ2(x), x ∈ R3.

(4.22)

By Lemma 1.2 of Chapter 1 of [25], the longitudinal field w can be expressed by the gradient of a
scalar field

w = grad p,(4.23)

so that (4.22) can be rewritten as
[
∂v
∂t − µ∆v+ (u · ∇)v

]
+
[
∂w
∂t − (λ+ 2µ)∆w+ (u · ∇)w

]
= 0, x ∈ R3, 0 ≤ t ≤ T,

div v = 0, curl w = 0, x ∈ R3, 0 ≤ t ≤ T,
v(x, 0) +w(x, 0) = ϕ1(x) + ϕ2(x), x ∈ R3.

(4.24)

Clearly, (4.24) can be equivalently expressed as two systems:
∂v
∂t − µ∆v+ (u · ∇)v = f , x ∈ R3, 0 ≤ t ≤ T,
div v = 0, x ∈ R3, 0 ≤ t ≤ T,
v(x, 0) = ϕ1(x), x ∈ R3

(4.25)

and 
∂w
∂t − (λ+ 2µ)∆w+ (u · ∇)w = −f , x ∈ R3, 0 ≤ t ≤ T,
curl w = 0, x ∈ R3, 0 ≤ t ≤ T,
w(x, 0) = ϕ2(x), x ∈ R3,

(4.26)

where f is some vector field on R3 × [0, T ].

2. We will further determine the vector field f . Denote by P the projection operator from L2(R3)
to V 0:

Pr = h, ∀r ∈ L2(R3),

where h ∈ V 0 is given by the Hodge decomposition formula

r = h+ grad p,

with div h = 0 in R3. For the given unique solution u of (4.15), we denote Λu(h) = (u · ∇)h,
∀h ∈ V 1∩C0(R3). Let ϕ1 ∈ C0(R3)∩C∞(R3)∩V 0 be the transverse component of ϕ given in step
1. We consider the following integral equation:

h(t) = et(µ∆)ϕ1 +

∫ t

0
e(t−s)(µ∆)P

(
Λu(h(s))

)
ds.(4.27)

We denote

Ξuh(t) := et(µ∆)ϕ1 +

∫ t

0
e(t−s)(µ∆)P

(
Λu(h(s))

)
ds,

and put

X = V m+1 ∩ C0(R3), Y = V m ∩ C0(R3), m > 3/2.

Recall that u ∈ C([0, T0];H
m+1(Rn)) ⊂ C([0, T0];C0(Rn)) form > n/2. It follows that P

(
(u·∇)h

)
−

P
(
(u ·∇)h̃

)
= P

(
(u ·∇)(h− h̃)

)
∈ C([0, T ];V 0∩Hm(R3)) for any h, h̃ ∈ C([0, T ];V 0∩Hm+1(R3)),

and the following four conditions hold:
(a) etµ∆ : X → X is a strongly continuous semigroup, for t ≥ 0;
(b) P ◦ Λu : X → Y is Lipschitz, uniformly on bounded sets;
(c) etµ∆ : Y → X, for t > 0;

(d) ∥etµ∆∥L(Y,X) ≤ C1

t1/2
, for t ∈ (0, 1].



24 GENQIAN LIU

Obviously, Ξu acts on C([0, T ];X), for each T > 0. Fix σ > 0, and set

Z = {h ∈ C([0, T ];X)
∣∣h(0) = ϕ1, ∥h(t)− ϕ1∥X ≤ σ}.(4.28)

By condition (a), we can choose T1 so that ∥etµ∆ϕ1 −ϕ1∥X ≤ σ/2 for t ∈ [0, T1]. If h ∈ Z, then, by
condition (b), we have a bound ∥P (Λu(h(s)))∥Y ≤ K1, for s ∈ [0, T1], so, using condition (d), we get∥∥∥∥∫ t

0
e(t−s)(µ∆)P (Λu(h(s))) ds

∥∥∥∥
X

≤ C1t
1/2K1.(4.29)

If we pick T2 ≤ T1 small enough, this will be ≤ σ/2 for t ∈ [0, T2]; therefore Ξu : Z → Z, provided
T ≤ T2. We again use condition (b) to get

∥P (Λu(h(s)))− P (Λu(h̃(s)))∥Y ≤ K∥h(s)− h̃(s)∥X ,

for h, h̃ ∈ Z. Thus, for t ∈ [0, T2],

∥Ξu(h)(t)−Ξu(h̃)(t)∥X =
∥∥∥∫ t

0
e(t−s)(µ∆)

[
P (Λu(h(s))− Λu(h̃(s)))

]
ds
∥∥∥
X

(4.30)

≤ C1t
1/2K sup ∥h(s)− h̃(s)∥X ;

and now if T := T0 ≤ T2 is chosen small enough, we obtain C1T0
1/2K < 1, making Ξu a contraction

mapping on Z. Hence Ξu has a unique fixed point h in Z, solving (4.27). In other words, h ∈ Z
satisfies

h(t) = et(µ∆)ϕ1 +

∫ t

0
e(t−s)(µ∆)P (Λu(h(s))) ds, 0 ≤ t ≤ T0.(4.31)

Since div
(
et(µ∆)ϕ1

)
= 0 and div

(∫ t
0 e

(t−s)(µ∆)P (Λu(h(s))) ds
)
= 0 in R3 for each t ≥ 0, and h ∈

C1([0, T0];V
0 ∩Hm+1(R3)), it follows that

P
∂h

∂t
=

∂h

∂t
,

and thus (4.31) is equivalent to

∂h

∂t
− P

[
µ∆h− (u · ∇)h

]
= 0, h ∈ C([0, T0];V

0 ∩Hm+1(R3)).(4.32)

According to the Hodge decomposition, there exists a p ∈ C([0, T0];H
1(R3)) such that

P
[
µ∆h− (u · ∇)h

]
+∇p = µ∆h− (u · ∇)h.(4.33)

Therefore, we get 
∂h
∂t − µ∆h+ (u · ∇)h = −∇p, x ∈ R3, 0 ≤ t ≤ T0,
div h = 0, x ∈ R3, 0 ≤ t ≤ T0,
h(0,x) = ϕ1(x), x ∈ R3.

(4.34)

Applying the regularity of linear parabolic system, we get h ∈ C1([0, T0];C0(R3) ∩ V 0) ∩C∞(R3 ×
[0, T0]). In view of the fixed point theorem of the Banach contraction mapping, it follows that (h,∇p)
is the unique smooth solution of (4.34) with h ∈ V 0, ∇p ∈ (V 0)⊥. Subtracting (4.34) from (4.25)
gives 

∂θ
∂t − µ∆θ + (u · ∇)θ = f +∇p, x ∈ R3, 0 ≤ t ≤ T0,
div θ = 0, x ∈ R3, 0 ≤ t ≤ T0,
θ(0,x) = 0, x ∈ R3,

(4.35)

where θ = v − h. It is clear that there exists a unique ∇p̃ ∈ (V 0)⊥ such that

P
[∂θ
∂t

− µ∆θ + (u · ∇)θ
]
+∇p̃ =

∂θ

∂t
− µ∆θ + (u · ∇)θ,
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and hence (4.35) can be equivalently written as
P
[
∂θ
∂t − µ∆θ + (u · ∇)θ

]
= f +∇p−∇p̃, x ∈ R3, 0 ≤ t ≤ T0,

div θ = 0, x ∈ R3, 0 ≤ t ≤ T0,
θ(0,x) = 0, x ∈ R3,

(4.36)

Note that the adjoint equation of

Lθ :=
∂θ

∂t
− µ∆θ + (u · ∇)θ = 0

is

L∗η :=
∂η

∂t
+ µ∆η − (u · ∇)η − (div u)η = 0,

where L∗ is the adjoint operator of L. Furthermore, (4.36) can be rewritten as PL(θ) = f +∇p−∇p̃, x ∈ R3, 0 ≤ t ≤ T0,
div θ = 0, x ∈ R3, 0 ≤ t ≤ T0,
θ(0,x) = 0, x ∈ R3,

(4.37)

In view of (PL)∗ = L∗P ∗ = L∗P , we see that the null-space of the operator L∗P is just V 0. Note
also that the null-space of the operator L∗P is exactly the all solutions of the following homogeneous
linear equations  L∗P (η) = 0, x ∈ R3, 0 ≤ t ≤ T0,

div η = 0, x ∈ R3, 0 ≤ t ≤ T0,
η(0,x) = 0, x ∈ R3.

(4.38)

Since 〈
PL(θ),η

〉
L2(R3)

=
〈
θ, (PL)∗η

〉
L2(R3)

(4.39)

=
〈
θ,L∗P (η)

〉
L2(R3)

for all θ,η ∈Hm+1(R3) ∩C0(R3),

we find from this and L∗P (η) = 0 (see (4.38)) that〈
PL(θ),η

〉
L2(R3)

= 0 for all η ∈ V 0,(4.40)

where ⟨·, ·⟩L2(Rn) denotes the inner product in L2(Rn). This and (4.37) imply that the vector field

f +∇p−∇p̃ is orthogonal to V 0 for each t ∈ [0, T0], i.e., f ∈ C([0, T0]; (V
0)⊥) because ∇p−∇p̃ ∈

(V 0)⊥. In addition, since (4.34) is a system of linear parabolic equations, the solution h of (4.34)
can be uniquely extended from R3 × [0, T0] to R3 × [0, T ] by the standard linear parabolic theory,
where the known vector field u is defined. Therefore,

f ∈ C([0, T ]; (V 0)⊥).(4.41)

3. Define W := {l ∈ C0(R3) ∩C∞(R3)
∣∣ curl l = 0}. Clearly, W is a linear space. Then, set

W j = closure of W inHj(R3), j = 0, 1, 2 · · · ,m+ 1.

From (4.17), it follows thatW 0 = (V 0)⊥. For the given solution u of (4.15), define Πu(k) = (u ·∇)k
for any k ∈ C([0, T ];C0(R3)∩Hm+1(R3)∩W 0). Let ϕ2 ∈ C0(R3)∩C∞(R3)∩W 0 be the longitudinal
component of ϕ given in step 1. Consider the integral equation:

k(t) = et(λ+2µ)∆ϕ2 +

∫ t

0
e(t−s)(λ+2µ)∆Q(Πu(k(s))) ds,(4.42)

where Q is the projection operator from L2(R3) to W 0:

Qr = k, ∀r ∈ L2(R3),
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where k ∈W 0 given by the Hodge decomposition:

r = curl q + k

and curl k = 0 in R3. Define the operator

Θuk(t) := et(λ+2µ)∆ϕ2 +

∫ t

0
e(t−s)(λ+2µ)∆Q[Πu(k(s))] ds,

and introduce the spaces

X =Wm+1 ∩ C0(R3), Y =Wm ∩ C0(R3), m > 3/2.

It follows that Q
[
(u · ∇)k

]
− Q

[
(u · ∇)k̃

]
= Q

[
(u · ∇)(k − k̃)

]
∈ C([0, T ];W 0 ∩Hm(R3)) for any

k, k̃ ∈ C([0, T ];W 0 ∩Hm+1(R3)), and the following four conditions hold:

(a′) et(λ+2µ)∆ : X → X is a strongly continuous semigroup for t ≥ 0;
(b′) Q ◦Πu : X → Y is Lipschitz, uniformly on bounded sets;

(c′) et(λ+2µ)∆ : Y → X, for t > 0;

(d′) ∥et(λ+2µ)∆∥L(Y,X) ≤ C1

t1/2
, for t ∈ (0, 1].

Clearly, Θu acts on C([0, T ];X), for each T > 0. Fix σ > 0, and define

Z = {k ∈ C([0, T ];X)
∣∣k(0) = ϕ2, ∥k(t)− ϕ2∥X ≤ σ}.(4.43)

By condition (a′), we can choose T1 so that ∥et(λ+2µ)∆ϕ2 − ϕ2∥X ≤ σ/2 for all t ∈ [0, T1]. If ∈ Z,
then, by condition (b′), we find a bound ∥Q

[
Πu(k(s))

]
∥Y ≤ K1 for s ∈ [0, T1]. Using condition (d′),

we obtain ∥∥∥∥∫ t

0
e(t−s)(λ+2µ)∆Q

[
Πu(k(s))

]
ds

∥∥∥∥
X

≤ C1t
1/2K1.(4.44)

If we choose T2 ≤ T1 sufficiently small, this bound becomes ≤ σ/2 for all t ∈ [0, T2]; therefore
Θu : Z → Z, provided T ≤ T2. Applying condition (b′) again yields

∥Q(Πu(k(s)))−Q(Πu(k̃(s)))∥Y ≤ K∥k(s)− k̃(s)∥X ,

for any k, k̃ ∈ Z. Thus, for t ∈ [0, T2],∥∥Θu(k)(t)−Θu(k̃)(t)
∥∥
X

=
∥∥∥∫ t

0
e(t−s)(λ+2µ)∆

[
Q
(
Πu(k(s))−Πu(k̃(s))

)]
ds
∥∥∥
X

(4.45)

≤ C1t
1/2K sup ∥k(s)− k̃(s)∥X .

Now, if we take T := T0 ≤ T2 sufficiently small so that C1T0
1/2K < 1, then Θu becomes a contraction

mapping on Z. Hence Θu admits a unique fixed point k ∈ Z, which solves (4.42). That is, k ∈ Z
satisfies

k(t) = et(λ+2µ)∆ϕ2 +

∫ t

0
e(t−s)(λ+2µ)∆Q(Πu(k(s))) ds, 0 ≤ t ≤ T0.(4.46)

Since curl
(
et(λ+2µ)∆ϕ2

)
= 0 and curl (

∫ t
0 e

(t−s)(λ+2µ)∆Q(Πu(k(s))) ds) = 0 in R3 for each t ≥ 0, and

k ∈ C([0, T0];W
0 ∩Hm+1(R3)), it follows that

Q
∂k

∂t
=

∂k

∂t
,

and thus (4.46) is equivalent to

∂k

∂t
−Q

[
(λ+ 2µ)∆k − (u · ∇)k

]
= 0, k ∈ C([0, T0];W

0 ∩Hm+1(R3)).(4.47)
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According to the Hodge decomposition, there exists a q ∈ C([0, T0];H
1(R3)) such that

Q
[
(λ+ 2µ)∆k − (u · ∇)k

]
+ curl q = (λ+ 2µ)∆k − (u · ∇)k.(4.48)

Therefore, we obtain the system:
∂k
∂t − (λ+ 2µ)∆k + (u · ∇)k = −curl q, x ∈ R3, 0 ≤ t ≤ T0,
curl k = 0, x ∈ R3, 0 ≤ t ≤ T0,
k(0,x) = ϕ2(x), x ∈ R3.

(4.49)

Applying the regularity of linear parabolic system, we conclude that k ∈ C1([0, T0];W
0)∩C∞(R3×

[0, T0]). From the fixed point theorem of contraction mapping Θu, we deduce that the solution k of
(4.34) is unique. By subtracting (4.49) from (4.26), we discover

∂γ
∂t − (λ+ 2µ)∆γ + (u · ∇)γ = −f + curl q, x ∈ R3, 0 ≤ t ≤ T0,
curl γ = 0, x ∈ R3, 0 ≤ t ≤ T0,
γ(0,x) = 0, x ∈ R3,

(4.50)

where γ = w − k. There exists a unique curl q̃ ∈ (W 0)⊥ such that

Q
[∂γ
∂t

− (λ+ 2µ)∆γ + (u · ∇)γ
]
+ curl q̃ =

∂γ

∂t
− (λ+ 2µ)∆γ + (u · ∇)γ,

and hence (4.50) can be equivalently written as
Q
[
∂γ
∂t − (λ+2µ)∆γ + (u · ∇)γ

]
=−f + curl q − curl q̃, x ∈ R3, 0 ≤ t ≤ T0,

curl γ = 0, x ∈ R3, 0 ≤ t ≤ T0,
γ(0,x) = 0, x ∈ R3,

(4.51)

Recall that the adjoint equation of

Lγ :=
∂γ

∂t
− (λ+ 2µ)∆γ + (u · ∇)γ = 0

is

L∗β :=
∂β

∂t
+ (λ+ 2µ)∆β − (u · ∇)β − (div u)β = 0,

where L∗ denotes the adjoint operator of L. Furthermore, (4.51) can be rewritten as QL(γ) = −f + curl q − curl q̃, x ∈ R3, 0 ≤ t ≤ T0,
curl γ = 0, x ∈ R3, 0 ≤ t ≤ T0,
γ(0,x) = 0, x ∈ R3,

(4.52)

Due to the fact that (QL)∗ = L∗Q∗ = L∗Q, the null space of the operator L∗Q is precisely W 0.
Note that the null space of L∗Q consists of all solutions to the following homogeneous linear system: L∗Q(β) = 0, x ∈ R3, 0 ≤ t ≤ T0,

curl β = 0, x ∈ R3, 0 ≤ t ≤ T0,
β(0,x) = 0, x ∈ R3.

(4.53)

Since 〈
QL(γ),β

〉
L2(R3)

=
〈
γ,L∗Q(β)

〉
L2(R3)

for all γ,β ∈Hm+1(R3) ∩C0(R3),(4.54)

and L∗Q(η) = 0 (see (4.53)), we conclude that〈
QL(γ),β

〉
L2(R3)

= 0 for all β ∈W 0.(4.55)

This implies that the vector field f + curl q − curl q̃ is orthogonal to W 0 for each t ∈ [0, T0],
i.e., f ∈ C([0, T0]; (W

0)⊥) = C([0, T0];V
0). Moreover, since (4.49) is a system of linear parabolic
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equations, its solution k can be uniquely extended from R3 × [0, T0] to R3 × [0, T ] by the standard
linear parabolic theory, where the known vector field u is defined. Therefore,

−f ∈ C([0, T ]; (W 0)⊥) = C([0, T ];V 0).(4.56)

By virtue of V 0 ∩ (V 0)⊥ = {0}, we find by (4.41) and (4.56) that f ≡ 0 in R3 × [0, T ]. In other
words, if u ∈ C([0, T ];Hm+1(R3) ∩C0(R3)) ∩C∞(R3 × [0, T ]), m > 3

2 , is the unique local smooth
solution of (4.15), then, by (4.25)–(4.26), there exist two vector fields v and w, respectively, satisfying

∂v
∂t − µ∆v + (u · ∇)v = 0, x ∈ R3, 0 ≤ t ≤ T,
div v = 0, x ∈ R3, 0 ≤ t ≤ T,
v(x, 0) = ϕ1(x), x ∈ R3.

(4.57)

and 
∂w
∂t − (λ+ 2µ)∆w + (u · ∇)w = 0, x ∈ R3, 0 ≤ t ≤ T,
curl w = 0, x ∈ R3, 0 ≤ t ≤ T,
w(x, 0) = ϕ2(x), x ∈ R3.

(4.58)

Conversely, If two vector fields v and w satisfy (4.58) and (4.57), respectively, then v + w = u
uniquely satisfies the initial problem (4.18) (or equivalently, (4.15)) by employing w = grad p (see,
(4.23)).

4. We will show that

∥v∥C(R3×[0,T ]) ≤ ∥ϕ1∥C(R3),(4.59)

∥w∥C(R3×[0,T ]) ≤ ∥ϕ2∥C(R3),(4.60)

where v,w, ϕ1,ϕ2 are given in (4.57), (4.58) and (4.21). For arbitrary fixed ϵ > 0, let ṽ(x, t) :=
e−ϵtv(x, t), w̃(x, t) := e−ϵtw(x, t) and ũ(x, t) := e−ϵtu(x, t) for all x ∈ R3. Note that v,w ∈
C1([0, T ];C2

0(R3)) ∩ C∞(R3 × [0, T ]). Then, from (4.57) we get that |ṽ|2 = e−2ϵt(v21 + v22 + v23)
satisfies the equation

∂

∂t
|ṽ|2 + 2ϵ|ṽ|2 + u · ∇|ṽ|2 − 2µ ṽ ·∆ṽ = 0.(4.61)

Since 2ṽ ·∆ṽ = ∆|ṽ|2 − 2|∇ṽ|2 we get

∂

∂t
|ṽ|2 + 2ϵ|ṽ|2 + u · ∇|ṽ|2 + µ

(
−∆|ṽ|2 + 2|∇ṽ|2

)
= 0.(4.62)

Therefore, if |ṽ|2 has a local maximum at (x, t) ∈ R3×(0, T ], then ∂
∂t |ṽ|

2 ≥ 0,∇|ṽ|2 = 0 and ∆|ṽ|2 ≤ 0

at this point (x, t). This implies that the left-hand side of (4.62) is positive unless |ṽ|2 = 0. Hence

∥v(t)∥L∞ ≤ eϵt∥v(0)∥L∞ .(4.63)

Now (4.59) follows because ϵ > 0 was arbitrary.
Similarly, since (4.58) has unique local smooth solutionw, it follows that |w̃|2 = e−2ϵt(w2

1+w2
2+w2

3)
satisfies the equation

∂

∂t
|w̃|2 + 2ϵ|w̃|2 + u · ∇|w̃|2 + (λ+ 2µ)

(
−∆|w̃|2 + 2|∇w̃|2

)
= 0.(4.64)

If |w̃|2 has a local maximum at (x, t) ∈ R3 × (0, T ] then ∂
∂t |w̃|2 ≥ 0, ∇|w̃|2 = 0 and ∆|w̃|2 ≤ 0 at

this point (x, t), which imply that the left-hand side of (4.62) is positive unless |w̃|2 = 0. Hence

∥w(t)∥L∞ ≤ eϵt∥w(0)∥L∞ ,

which leads to

∥w∥C(R3×[0,T ]) ≤ ∥ϕ2∥C(R3).(4.65)
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Since the solution u of initial problem (4.15) is unique in C([0, T ];Hm+1(R3) ∩ C0(R3)) ∩ C∞(R3 ×
[0, T ]), we see u = v +w. Combining (4.19), (4.22)–(4.57), (4.59), (4.65), we get the desired result
(4.16). □

Remark 4.4. Theorem 4.3 only holds when n = 3 because we have used the Hodge decomposition of
3-dimensional vector field, in which the curl concept can be exactly defined for n = 3. However, our
method is not suitable for n ≥ 4.

We remark that although (4.1) is a nonlinear parabolic system of equations, it is still a real analytic
system. According to continuity method, the solution u ∈ C([0, T0];H

m+1(Rn)) can be smoothly
extended to a larger domain Rn × [0, T ] with T > T0 such that u ∈ C([0, T ];Hm+1(Rn)). We will
give a criterion for the so-called “supremum of existence time” of the solution.

Lemma 4.5. Let n = 3, and let ϕ ∈ S (Rn). If u ∈ C([0, T ];Hm+1(Rn)) ∩ C∞(Rn × [0, T ]),
m > n

2 , is a local smooth solution of (4.15) such that T ∗ ∈ (0,∞) is the supremum of all existence
time T of the solution (i.e., no smooth solution exists on [0, T ∗]), then sup[0,T ∗) ∥u(t)∥H1(Rn) = ∞.

Proof. Suppose by contradiction that there exists smooth solution u ∈ C([0, T ];Hm+1(Rn)) ∩
C∞(Rn× [0, T ]) of (4.1) for each T ∈ (0, T ∗) and there does not exist smooth solution on Rn× [0, T ∗],
but

sup
[0,T ∗)

∥u(t)∥H1(Rn) < +∞.(4.66)

In view of Theorem 4.3, we get that there exists a positive constant C, which is independent of λ and T
and depends only on µ, such that ∥u∥C(Rn×[0,T ]) ≤ C∥ϕ∥Rn for any T ∈ (0, T ∗). Therefore, from this
and (4.66) we have sup

T∈[T0,T ∗)
∥u∥C(Rn×[0,T ]) < +∞ and sup

T∈[T0,T ∗)
∥(u · ∇)u∥L2([0,T ];L2(Rn)) < +∞. Let

us define a new function F (x, t) := −(u(x, t) · ∇)u(x, t) for x ∈ Rn, t ∈ [0, T ∗] by giving some finite
vectors on the boundary {T ∗} × Rn. Clearly, F ∈ L2([0, T ∗];L2(Rn)). It follows from the existence
and uniqueness of weak solution by Galerkin approximation (see, Theorems 3, 4 on p. 380-381 of
[11]) there exists a weak solution u∗ ∈ L2([0, T ∗];H1(Rn)) of (4.1), with ∂u∗

∂t ∈ L2([0, T ∗];H−1(Rn)).
Furthermore, since ϕ ∈ S (Rn), by regularity (see §7.1.3 of [11]) and by using bootstrap argument,
we get u∗ ∈ C([0, T ∗];Hm+1(Rn))∩C∞(Rn×[0, T ∗]). This is a contradicts, which implies the desired
result. □

Theorem 4.6. Let n = 3, and let u ∈ C([0, T ];Hm+1(Rn)) ∩C∞(Rn × [0, T ]), m > n
2 , satisfy{

∂u
∂t − µ∆u− (λ+ µ) grad div u+ (u · ∇)u = 0, x ∈ Rn, 0 ≤ t ≤ T,
u(0,x) = ϕ(x), x ∈ Rn,

(4.67)

then
d

dt

∥∥u(t)∥∥2
Hk(Rn)

≤ ck ∥u∥2L∞(Rn)∥u∥
2
Hk(Rn)

, for all k = 0, 1, 2, · · · ,m(4.68)

where the constant ck is independent of λ, and depends only on µ > 0 and k.

Proof. Noting that Hm+1(Rn) = Hm+1
0 (Rn), m > n

2 , we find by compact imbedding theorem and
trace theorem (see, Theorems 1 and 2, on p. 274–275 of [11]) that lim|x|→+∞ ∂αu(x) = 0, |α| ≤ 1.

First, by taking the inner product of u and equations (4.67) in L2(Rn), applying Green’s formula
(see [33] or p. 471 of [44]) and λ+ µ ≥ 0, we find that

1

2

d

dt
∥u(x, t)∥2

L2(Rn)
=

∫
Rn

u(x, t)·
(
µ∆u(x, t)+(λ+µ) grad divu(x, t)−(u(x, t)·∇)u(x, t)

)
dx(4.69)
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= −
∫
Rn

(
2µ(Def u(x, t),Def u(x, t))+λ(div u(x, t))2

+u(x, t) · (u(x, t) · ∇)u(x, t)
)
dx

= −
∫
Rn

(
µ
∣∣∇u(x, t)|2+(λ+ µ)(div u(x, t))2

+u(x, t) · (u(x, t) · ∇)u(x, t)
)
dx

≤ −
∫
Rn

µ
∣∣∇u(x, t)|2dx+

∣∣∣ ∫
Rn

u(x, t) · (u(x, t) · ∇)u(x, t)dx
∣∣∣,

where Defu := 1
2(∇u+(∇u)T ) and

(
Defu,Defu) := 1

4

∑n
j,k=1

∣∣ ∂uj

∂xk
+ ∂uk

∂xj

∣∣2. From Hölder’s inequality,

Theorem 4.3 and (4.2) we get∣∣∣∣ ∫
Rn

u(x, t) · (u(x, t) · ∇)u(x, t) dx

∣∣∣∣ = ∣∣∣∣ ∫
Rn

n∑
j,l=1

ul(x, t)uj(x, t)
∂ul(x, t)

∂xj
dx

∣∣∣∣(4.70)

≤
n∑

j,l=1

c1
(
∥ul∥L∞(Rn)∥uj∥L2(Rn) + ∥ul∥L2(Rn)∥uj∥L∞(Rn)

)∥∥∥ ∂ul
∂xj

∥∥∥
L2(Rn)

≤ c2∥u∥L∞(Rn)∥u∥L2(Rn)∥∇u∥L2(Rn)

≤ c22
2µ

∥u∥2L∞(Rn)∥u∥
2
L2(Rn)

+
µ

2
∥∇u∥2

L2(Rn)
,

where positive constant c2 is independent of λ, and depends only on µ > 0. It follows from (4.69)
and (4.70) that

d

dt
∥u(x, t)∥2

L2(Rn)
≤ c22

µ
∥u∥2L∞(Rn)∥u∥

2
L2(Rn)

.(4.71)

Next, since u ∈ C([0, T ];Hm+1(Rn)) ∩ C∞(Rn × [0, T ]) satisfies (4.67), we get (u · ∇)u ∈
C([0, T ];Hm(Rn)). Write (4.67) again as{

∂u
∂t − µ∆u− (λ+ µ) grad div u = −(u · ∇)u, x ∈ Rn, 0 ≤ t ≤ T,
u(0,x) = ϕ(x), x ∈ Rn,

and applying regularity (cf. §7.1.3 of [11]) and bootstrap argument we get u ∈ C([0, T ];Hm+2(Rn)),
so that by trace theorem (cf. p. 274-275 of [11]) we have

lim
|x|→+∞

∆u(x, t) = 0 for each fixed t > 0.(4.72)

By taking the inner product of ∆u and equation (4.67) in L2(Rn), applying Green’s formula and
λ+ µ ≥ 0, we get

(4.73)

1

2

d

dt
∥∇u(x, t)∥2

L2(Rn)
=−

∫
Rn

(∆u(x, t))·
(
µ∆u(x, t)+(λ+µ) grad divu(x, t)−(u(x, t)·∇)u(x, t)

)
dx

=−
∫
Rn

(
µ(∆u(x, t))2+(λ+ µ)|∇(div u(x, t))|2

− (∆u(x, t)) · (u(x, t) · ∇)u(x, t)
)
dx

≤−
∫
Rn

µ(∆u(x, t))2dx+
∣∣∣ ∫

Rn

(∆u(x, t)) · (u(x, t) · ∇)u(x, t) dx
∣∣∣.
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Because of ∣∣∣∣∫
Rn

(∆u(x, t)) · (u(x, t)·∇)u(x, t) dx

∣∣∣∣ = ∣∣∣∣∫
Rn

n∑
j,l=1

(∆ul(x, t))uj(x, t)
∂ul(x, t)

∂xj
dx

∣∣∣∣(4.74)

≤
n∑

j,l=1

(
∥u∥L∞(Rn)

∥∥∥ ∂ul
∂xj

∥∥∥
L2(Rn)

)
∥∆ul∥L2(Rn)

≤ c3∥u∥L∞(Rn)∥∇u∥L2(Rn)∥∆u∥L2(Rn)

≤ c23
2µ

∥u∥2L∞(Rn)∥∇u∥
2
L2(Rn)

+
µ

2
∥∆u∥2

L2(Rn)
,

it follows from (4.73) and (4.74) that

d

dt
∥∇u(x, t)∥2

L2(Rn)
≤ c23

µ
∥u∥2L∞(Rn)∥∇u∥

2
L2(Rn)

.(4.75)

Consequently, (4.71) and (4.75) imply

d

dt

∥∥u(x, t)∥∥2
H1(Rn)

≤c4∥u∥2L∞(Rn)∥u∥
2
H1(Rn)

,(4.76)

where constants c1, c2, c3 and c4 are independent of λ, and depend only on µ and n.
Now, taking the Laplacian on the both sides of (4.67) we have{

∂(∆u)
∂t − µ∆2u− (λ+ µ)∆grad div u+∆

(
(u · ∇)u

)
= 0, x ∈ Rn, 0 ≤ t ≤ T,

∆u(0,x) = ∆ϕ(x), x ∈ Rn.
(4.77)

Since ϕ ∈ S (Rn), by taking the inner product of ∆u and (4.77) in L2(Rn) and applying Green’s
formula, we get the following inequality

(4.78)

1

2

d

dt
∥∆u∥2

L2(Rn)
=

∫
Rn

(∆u) ·
(
µ∆2u+ (λ+ µ)∆grad div u−∆

(
(u · ∇)u

))
dx

= −
∫
Rn

(
µ|∇(∆u)|2 + (λ+ µ)|∆divu|2

)
dx−

∫
Rn

n∑
j,l=1

(∆ul)
[
∆(uj

∂ul
∂xj

)]
dx

≤ −
∫
Rn

µ|∇(∆u)|2dx+

∣∣∣∣∫
Rn

n∑
j,l=1

(∆ul)
[
uj(∆

∂ul
∂xj

) + (∆uj)
∂ul
∂xj

+2∇uj · ∇(
∂ul
∂xj

)
]
dx

∣∣∣∣.
By Green’s formula, we see that∣∣∣∣ ∫

Rn

n∑
j,l=1

(∆ul)
[
uj(∆

∂ul
∂xj

) + (∆uj)
∂ul
∂xj

+ 2∇uj · ∇(
∂ul
∂xj

)
]
dx

∣∣∣∣(4.79)

=

∣∣∣∣ ∫
Rn

n∑
j,l=1

[
− uj(∆ul)(∆

∂ul
∂xj

)− ul(∆uj)
(
∆

∂ul
∂xj

)
− ul(∆ul)

(
∆

∂uj
∂xj

)]
dx

−2

∫
Rn

n∑
j,k,l=1

uj
∂(∆ul)

∂xk

∂2ul
∂xk∂xj

dx

∣∣∣∣
≤ c5∥u∥L∞(Rn)∥∆u∥L2(Rn)∥∇(∆u)∥L2(Rn) + c6∥u∥L∞(Rn)∥∇(∆u)∥L2(Rn)∥D

2u∥L2(Rn).
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It is well-known (see, for example, (3) on p. 328 of [11], or (9.27) on p. 230 and p. 235 of [16]) that if
∆w ∈ L2(Rn) and lim|x|→+∞w(x) = 0, then there exists a positive constant c7 depending only on n
such that (∫

Rn

n∑
j,k=1

( ∂2w

∂xj∂xk

)2
dx

)1/2

= ∥D2w∥L2(Rn) ≤ c7∥∆w∥L2(Rn).(4.80)

From this and (4.79) we obtain∣∣∣∣ ∫
Rn

n∑
j,l=1

(∆ul)
[
uj(∆

∂ul
∂xj

) + (∆uj)
∂ul
∂xj

+ 2∇uj · ∇(
∂ul
∂xj

)
]
dx

∣∣∣∣(4.81)

≤ c8∥u∥L∞(Rn)∥∆u∥L2(Rn)∥∇(∆u)∥L2(Rn)

≤ c28
2µ

∥u∥2L∞(Rn)∥∆u∥
2
L2(Rn)

+
µ

2
∥∇(∆u)∥2

L2(Rn)
,

so that by (4.81) and (4.78)

d

dt
∥∆u∥2

L2(Rn)
≤ c28

µ
∥u∥2L∞(Rn)∥∆u∥

2
L2(Rn)

,(4.82)

where positive constant c8 is independent of λ, and depends only on µ > 0.
Similarly, using bootstrap argument and regularity, taking the inner product of ∆2u and equations

(4.77), and applying Green’s formula we get

d

dt
∥∇(∆u)∥2

L2(Rn)
≤ c29

µ
∥u∥2L∞(Rn)∥∇(∆u)∥2

L2(Rn)
.(4.83)

Repeating this procedure again and again, we can get (4.68) for all 4 ≤ k ≤ m. □

Lemma 4.7. (i) (Gronwall’s inequality of differential form). Let ζ(·) be a nonnegative,
absolutely continuous function on [0, T ], which satisfies for a.e. t the differential inequality

ζ ′(t) ≤ ρ(t)ζ(t) + ω(t),(4.84)

where ρ(t) and ω(t) are nonnegative, summable functions on [0, T ]. Then

ζ(t) ≤ e
∫ t
0 ρ(s)ds

[
ζ(0) +

∫ t

0
ω(s)ds

]
for all 0 ≤ t ≤ T.(4.85)

(ii) (Gronwall’s inequality of integral form). Let χ, ζ, ρ be real-valued continuous functions
for 0 ≤ t ≤ T and let ρ(t) ≥ 0 for 0 ≤ t ≤ T . If

ζ(t) ≤ χ(t) +

∫ t

0
ρ(τ)ζ(τ) dτ for 0 ≤ t ≤ T,(4.86)

then

ζ(t) ≤ χ(t) +

∫ t

0
ρ(τ)χ(τ) exp

[∫ t

τ
ρ(σ) dσ

]
dτ for a.e. 0 ≤ t ≤ T.(4.87)

Now, we can prove the main theorem of this section:

Theorem 4.8. Let n = 3, and let µ > 0 and λ + µ ≥ 0. Given ϕ ∈ S (Rn), there exists a
global strong solution u ∈ C([0,∞);Hm+1(Rn) ∩C0(Rn)), m > n/2, of the inertial parabolic Lamé
equations (4.1). Moreover, this solution is unique and u ∈ C∞(Rn × [0,∞)).
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Proof. From Theorem 4.2, we know that for given ϕ ∈ S (Rn), there exits a T0 > 0 such that
the initial problem (4.1) admits a unique smooth solution u ∈ C([0, T0];H

m+1(Rn)). Recall that
T ∗ > 0 is the supremum of all existence time T of the solution for the initial problem of the inertial
Lamé equations. It follows that either 0 < T ∗ < ∞ or T ∗ = +∞. Suppose by contradiction that
0 < T ∗ < +∞. According to Lemma 4.5, we get

sup
[0,T ∗)

∥u(t)∥H1(Rn) = ∞.(4.88)

On the other hand, it follows from (4.16) of Theorem 4.3 that

∥u(x, t)∥C(Rn×[0,T ]) ≤ C∥ϕ∥C(Rn)(4.89)

for all T < T ∗, where the constant C is independent of λ and T , and depends only on µ. By Theorem
4.6, we see that for any t ∈ [0, T ] with T < T ∗,

d

dt
∥u(t)∥2

H1(Rn)
≤ c1∥u(t)∥2C(Rn)∥u(t)∥

2
H1(Rn)

,(4.90)

where the constant c1 is independent of λ, and depends only on µ. Therefore, we find by Gronwall’s
inequality (4.85) and then by (4.89) that for any t ∈ [0, T ] with T < T ∗,

∥u(t)∥2
H1(Rn)

≤ ∥u(0)∥2
H1(Rn)

e
∫ t
0 c1∥u(s)∥2C(Rn)

ds
(4.91)

≤ ∥ϕ∥2
H1(Rn)

e
tc1C∥ϕ∥2

C(Rn) .

Note that T ∗c1C∥ϕ∥2C(Rn) < +∞ since the positive constants C and c1 are independent of λ, and

depend only on µ. (4.89) and (4.91) rule out the blowup of u(t) in the H1(Rn) norm as t → T ∗,
which contradicts (4.88). Thus, we must have T ∗ = +∞, i.e., the solution can be smoothly extended
over [0,∞), as required.

Now, we can show that the solution u of initial problem (4.1) is unique and smooth. It suffices to
show that for any given T > 0, the solution u ∈ C([0, T ];Hm+1(Rn)) of (4.1) is unique and smooth.
Completely similar to the last part of proof of Theorem 4.2, if ũ is another solution of (4.1), then we
get{

∂(u−ũ)
∂t −µ∆(u−ũ)−(λ+µ) grad div (u−ũ)+(u·∇)(u−ũ)+

(
(u−ũ)·∇

)
ũ=0, x ∈ Rn, 0 ≤ t ≤ T,

(u− ũ)(0,x) = 0, x ∈ Rn,

which is a linear parabolic system with unknown vector-valued function u− ũ and zero initial-value
when we regard u and ∇ũ as known coefficients. Thus, we have u ≡ ũ. Finally, we can bootstrap to
show that solution is C∞-smooth in Rn × [0, T ] by standard regularity of parabolic equations (see,
§7.1.3 of [11]). □

Remark 4.9. i) As pointed out before, when setting λ+ µ = 0, the inertial Lamé equations reduce
to the viscous Burgers equations{

∂u
∂t − µ∆u+ (u · ∇)u = 0, x ∈ Rn, t ≥ 0,
u(0,x) = ϕ(x), x ∈ Rn,

Thus, we have actually proved the existence, uniqueness and smoothness of the solution of the initial
value problem for the viscous Burgers equations with n = 3 (cf. [18], [48], [37], or p. 324 of [45]).

ii) For the parabolic inertial Lamé equations, as in the case of linear parabolic Lamé equations,
the initial ϕ ∈ S (R3) will ensure any-order parabolic compatibility conditions to hold, so that the
corresponding solutions can be C∞-smoothly extended to R3×[0,∞) (including C∞ smoothly extended
to the initial time t = 0) by using regularity and bootstrap argument.
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iii) More importantly, the short-time solution uλ,µ(t) of the inertial Lamé equations can be

uniquely obtained by an iterative sequence of the contraction map Ψw(t) = e−tLλ,µϕ+
∫ t
0 e

−(t−s)Lλ,µΦ(w(s))ds
for given initial value ϕ. This provides a useful way to calculate the solution of (4.1) in the calculation
mathematics and calculation physics.

iv) If the initial value ϕ ∈Hm+1(R3) ∩ Cm+1
0 (R3), (m > 3

2), then from the above discussion, we

can get a unique global smooth solution u ∈ C([0,∞);Hm+1(R3)) for the inertial Lamé equations

(4.1), with
∂kuλ,µ

∂tk
∈ C([0,∞);Hm+1−2k(R3)).

5. Existence and uniqueness of smooth solutions of the Navier-Stokes equations

From now on, we will assume n = 3, ϕ ∈ S (Rn) and divϕ = 0 in Rn. As shown in the above
section, for such an initial value ϕ, the inertial Lamé equations{

∂u
∂t − µ∆u− (λ+ µ) grad div u+ (u · ∇)u = 0, x ∈ Rn, t ≥ 0,
u(0,x) = ϕ(x), x ∈ Rn.

(5.1)

has a unique global smooth solution u(x, t) ∈ C([0,∞);Hm+1(Rn) ∩ C0(Rn)) ∩ C∞(Rn × [0,∞)),
m > n/2. Since the Lamé constant µ > 0 is fixed in advanced, for convenience, we will denote the
unique global smooth solution of (5.1) as uλ,µ(x, t) corresponding to each Lamé constant λ ∈ [−µ,∞).

Proof of Theorem 1.1. We first consider the case of solutions in finite time interval [0, T ] for any
fixed T > 0. It follows from imbedding theorem and trace theorem that Hm+1(Rn) ⊂ C1

0 (Rn) for
m > n/2. We thus have that uλ,µ(x, t) ∈ C([0, T ];Hm+1(Rn)) ∩ C([0, T ];C1

0 (Rn)), and that uλ,µ is
also a smooth vector-valued function with respect to the parameter λ because the solutions of the
parabolic system depend smoothly on the coefficients of the equations. From (4.16) of Theorem 4.3,
we know that for any t ∈ [0, T ],

∥uλ,µ(x, t)∥C(Rn) ≤ C∥ϕ∥C(Rn),(5.2)

where the constant C is independent of λ and T , and depends only on µ. According to (4.68) of
Theorem 4.6 we know

d

dt

∥∥uλ,µ(x, t)
∥∥2
Hk(Rn)

≤ ck∥uλ,µ(x, t)∥2C(Rn)∥uλ,µ(x, t)∥2Hk(Rn)
, for all k = 0, 1, 2, · · · ,m,(5.3)

so that by Gronwall’s inequality and (5.2),

∥uλ,µ(x, t)∥2Hk(Rn)
≤ ∥uλ,µ(x, 0)∥2Hk(Rn)

e
∫ t
0 ck∥uλ,µ(x,s)∥2C(Rn)

ds
(5.4)

≤ ∥ϕ∥2
Hk(Rn)

e
tckC∥ϕ∥2

C(Rn) for all k = 0, 1, 2, · · · ,m

where the constant ckC is independent of of λ, and depends only on µ and k. By setting F λ,µ(x, t) :=
−(uλ,µ(x, t)·∇)uλ,µ(x, t), we find from the above discussion that F λ,µ ∈ C([0, T ];Hm(Rn)). Clearly,

F λ,µ ∈ L2([0, T ];L2(Rn))(5.5)

and ∫ T

0
∥F λ,µ(t)∥2L2(Rn)

dt =

∫ T

0

∫
Rn

|F λ,µ(x, t)|2dx dt ≤ M,(5.6)
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where the constant M is independent of λ, and depends only on µ, T . Thus, our discussion becomes
to first consider the initial problem of the following linear parabolic system (cf. [27] or §7.1.2 of [11]):{

∂uλ,µ

∂t − µ∆uλ,µ − (λ+ µ) grad div uλ,µ = F λ,µ(x, t), x ∈ Rn, 0 ≤ t ≤ T,
u(0,x) = ϕ(x), x ∈ Rn.

(5.7)

Since H1(Rn) is a separable Hilbert space, we can arbitrarily choose a basis {wj}∞j=1 of H1(Rn). As

obtained in the above section, uλ,µ ∈ C([0, T ];Hm+1(Rn))∩C∞(Rn×[0, T ]) and lim
|x|→∞

∂α
xuλ,µ(x, t) =

0 for all |α| ≤ 1 and 0 ≤ t ≤ T . By taking the inner product of uλ,µ and (5.7) in L2(Rn) and
employing Green’s formula, we get

1

2

d

dt

∥∥uλ,µ(t)
∥∥2
L2(Rn)

+µ
∥∥∇uλ,µ(t)

∥∥2
L2(Rn)

+(λ+µ)
∥∥div uλ,µ(t)

∥∥2
L2(Rn)

=
〈
F λ,µ(t),uλ,µ(t)

〉
L2(Rn)

,

so that ∥∥uλ,µ(t)
∥∥2
L2(Rn)

+ 2

∫ t

0

(
µ
∥∥∇uλ,µ(s)

∥∥2
L2(Rn)

+ (λ+ µ)
∥∥div uλ,µ(s)

∥∥2
L2(Rn)

)
ds(5.8)

≤
∥∥ϕ∥∥2

L2(Rn)
+

∫ t

0

∥∥F λ,µ(s)
∥∥2
L2(Rn)

ds+

∫ t

0

∥∥uλ,µ(s)
∥∥2
L2(Rn)

ds, 0 ≤ t ≤ T,

where ⟨·, ·⟩L2(Rn) denotes the inner product in L
2(Rn). Note that we have used the Hölder inequality:∣∣∣〈F λ,µ(t),uλ,µ(t)

〉
L2(Rn)

∣∣∣ ≤ 1

2

(∥∥F λ,µ(t)
∥∥2
L2(Rn)

+
∥∥uλ,µ(t)

∥∥2
L2(Rn)

)
.

Hence∥∥uλ,µ(t)
∥∥2
L2(Rn)

≤
∥∥ϕ∥∥2

L2(Rn)
+

∫ t

0

∥∥F λ,µ(s)
∥∥2
L2(Rn)

ds+

∫ t

0

∥∥uλ,µ(s)
∥∥2
L2(Rn)

ds, 0 ≤ t ≤ T,

or simply

∥uλ,µ(t)∥2L2(Rn)
≤ C(µ,ϕ, T ) +

∫ t

0

∥∥uλ,µ(s)
∥∥2
L2(Rn)

ds, 0 ≤ t ≤ T,(5.9)

where C(µ,ϕ, T ) = ∥ϕ∥2
L2(Rn)

+ M denotes the constant which is independent of λ, and depends

only µ, ϕ and T , where M is the constant given in (5.6). Employing Gronwall’s inequality to (5.9),
we deduce that

{uλ,µ(t)}λ∈[−µ,∞) is a bounded set of L∞([0, T ];L2(Rn)),(5.10)

{uλ,µ(t)}λ∈[−µ,∞) is a bounded set of L2([0, T ];L2(Rn)).(5.11)

Using (5.8) again, we get

2

∫ t

0
µ
∥∥∇uλ,µ(s)

∥∥2
L2(Rn)

ds ≤
∥∥ϕ∥∥2

L2(Rn)
+

∫ t

0

∥∥F λ,µ(s)
∥∥2
L2(Rn)

ds+

∫ t

0

∥∥uλ,µ(s)
∥∥2
L2(Rn)

ds, 0 ≤ t ≤ T,

which and (5.11) implies that

{∇uλ,µ(t)}λ[−µ,∞) is a bounded set of L2([0, T ];L2(Rn)).(5.12)

By observing the system (5.7), we know
∂uλ,µ

∂t ∈ C([0, T ];Hm−1(Rn)). Taking the inner product of

equations (5.7) with
∂uλ,µ(t)

∂t in L2(Rn), we have∥∥∥∂uλ,µ(t)

∂t

∥∥∥2
L2(Rn)

+
1

2

d

dt

(
µ∥∇uλ,µ(t)∥2L2(Rn)

+(λ+µ)∥div uλ,µ(t)∥2L2(Rn)

)
=
〈
F λ,µ(t),

∂uλ,µ(t)

∂t

〉
L2(Rn)

,
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and integrating the result in [0, T ], obtaining

µ∥∇uλ,µ(t)∥2L2(Rn)
+ (λ+ µ)∥div uλ,µ(t)∥2L2(Rn)

+

∫ t

0

∥∥∥∂uλ,µ(s)

∂s

∥∥∥2
L2(Rn)

ds(5.13)

≤ µ∥∇ϕ∥2
L2(Rn)

+

∫ t

0
∥F λ,µ(s)∥2L2(Rn)

ds, 0 ≤ t ≤ T.

Here we have used the condition divuλ,µ(0) = div ϕ = 0. Therefore

µ
∥∥∇uλ,µ(t)

∥∥2
L2(Rn)

+

∫ t

0

∥∥∥∂uλ,µ(s)

∂s

∥∥∥2
L2(Rn)

ds ≤ µ∥∇ϕ∥2
L2(Rn)

+M, 0 ≤ t ≤ T,(5.14)

where M is the positive constant given in (5.6). It follows that

{∇uλ,µ(t)}λ∈[−µ,∞) is a bounded set of L∞([0, T ];L2(Rn)),(5.15) {∂uλ,µ(t)

∂t

}
λ∈[−µ,∞)

is a bounded set of L2([0, T ];L2(Rn)).(5.16)

As shown in (4.72), lim|x|→∞∆uλ,µ(x, t) = 0 for each t ∈ [0, T ]. Taking the inner product of ∆uλ,µ

and (5.7) in L2(Rn) and employing Green’s formula, we obtain

1

2

d

dt

∥∥∇uλ,µ(t)
∥∥2
L2(Rn)

+µ
∥∥∆uλ,µ(t)

∥∥2
L2(Rn)

+(λ+µ)
∥∥div ∇uλ,µ(t)

∥∥2
L2(Rn)

=−
〈
F λ,µ(t),∆uλ,µ(t)

〉
L2(Rn)

,

so that ∥∥∇uλ,µ(t)
∥∥2
L2(Rn)

+ 2

∫ t

0

(
µ
∥∥∆uλ,µ(s)

∥∥2
L2(Rn)

+ (λ+ µ)
∥∥div ∇uλ,µ(s)

∥∥2
L2(Rn)

)
ds

≤
∥∥∇ϕ∥∥2

L2(Rn)
+

∫ t

0

1

µ

∥∥F λ,µ(s)
∥∥2
L2(Rn)

ds+

∫ t

0
µ
∥∥∆uλ,µ(s)

∥∥2
L2(Rn)

ds, 0 ≤ t ≤ T.

This leads to∫ t

0
µ
∥∥∆uλ,µ(s)

∥∥2
L2(Rn)

ds ≤
∥∥∇ϕ∥∥2

L2(Rn)
+

∫ t

0

1

µ

∥∥F λ,µ(s)
∥∥2
L2(Rn)

ds. 0 ≤ t ≤ T,(5.17)

i.e.,

{∆uλ,µ(t)}λ∈[−µ,∞) is a bounded set of L2([0, T ];L2(Rn)).(5.18)

In addition, by (5.4) we actually get that for each fixed k ≥ 0,

{uλ,µ(t)}λ∈[−µ,∞) is a bounded set of L2([0, T ];Hk(Rn)).(5.19)

Next, we arbitrarily choose a sequence {λm}∞m=1 such that −µ ≤ λ1 < λ2 < · · · < λm < · · · → +∞.
Then the conclusions (4.85), (5.10), (5.11), (5.12), (5.15), (5.16), (5.18) and (5.19) still hold when
the set {λ

∣∣ − µ ≤ λ < ∞} is replaced by the sequence {λm}∞m=1, since all our estimates above are

independent of λ, and depend only on µ, ϕ and T . Note that L2([0, T ];Hk(Rn)) is a Hilbert space for
each non-negative interger k. Note also that L1([0, T ];L2(Rn)) is a separable Banach space, and its
dual space is L∞([0, T ];L2(Rn)). By compactness theorem, we find that there exists a subsequence
{λml

}∞l=1 of {λm}∞m=1 and a vector-valued function uµ ∈ L2([0, T ];L2(Rn)) such that as l → ∞,

uλml
,µ(t)

∗
⇀ uµ(t) ∗ weakly in L∞([0, T ];H1(Rn)),(5.20)

uλml
,µ(t) ⇀ uµ(t) weakly in L2([0, T ];H1(Rn)),(5.21)

∂uλml
,µ(t)

∂t
⇀

∂uµ(t)

∂t
weakly in L2([0, T ];L2(Rn)),(5.22)

∇uλml
,µ(t) ⇀ ∇uµ(t) weakly in L2([0, T ];L2(Rn)),(5.23)
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∆uλml
,µ(t) ⇀ ∆uµ(t) weakly in L2([0, T ];L2(Rn)),(5.24)

uλml
,µ(t) ⇀ uµ(t) weakly in L2([0, T ];Hk(Rn)).(5.25)

We want to show that uµ is just the solution of the initial value problem for the Navier-Stokes
equations. To this end, from (5.7), (5.20), (5.21), (5.22), (5.23), we see that for any j ∈ N,〈∂uλml

,µ(t)

∂t
, wj

〉
L2(Rn)

+ µ
〈
∇uλml

,µ(t),∇wj

〉
L2(Rn)

(5.26)

+
〈
(λml

+ µ) div uλml
,µ, div wj

〉
L2(Rn)

=
〈
F λml

,µ(t),wj

〉
L2(Rn)

holds in L2[0, T ]. But, by (5.2), (5.5) and (5.20), (5.21), (5.22) and (5.23) we have

lim
l→∞

〈
∂uλml

,µ(t)

∂t ,wj

〉
L2(Rn)

=
〈
∂uµ(t)

∂t ,wj

〉
L2(Rn)

,

lim
l→∞

〈
∇uλml

,µ(t),∇wj

〉
L2(Rn)

=
〈
∇uµ(t),∇wj

〉
L2(Rn)

,

lim
l→∞

〈
F λml

,µ(t),wj

〉
L2(Rn)

=
〈
(uµ(t) · ∇)uµ(t),wj

〉
L2(Rn)

(5.27)

holds in L2[0, T ]. Consequently, we find from this, (5.23) and (5.26) that (λml
+ µ)div uλml

,µ must

converge weakly in L2(Rn) as l → ∞, saying, to a function pµ(x, t), and pµ(·, t) ∈ L2(Rn) for all
0 ≤ t ≤ T , i.e.,

lim
l→∞

〈
(λml

+ µ) div uλml
,µ, div wj

〉
L2(Rn)

=
〈
pµ(t), div wj

〉
L2(Rn)

(5.28)

holds in L2[0, T ]. From (5.26), (5.27) and (5.28), we have〈∂uµ(t)

∂t
,wj

〉
L2(Rn)

+ µ
〈
∇uµ(t),∇wj

〉
L2(Rn)

(5.29)

+
〈
pµ(t), div wj

〉
L2(Rn)

=
〈
(uµ(t) · ∇)uµ(t),wj

〉
L2(Rn)

holds in L2[0, T ]. Clearly,

div uλml
⇀
(

lim
l→+∞

1

(λml
+ µ)

)
pµ = 0 weakly in L2([0, T ];L2(Rn)),(5.30)

i.e., div uλml
weakly converges to 0 as l → +∞. Thus, div uµ = 0 in Rn × [0, T ] because the weak

limit is unique. In view of wj ∈H1(Rn), (5.29) can be written as〈∂uµ(t)

∂t
− µ∆uµ(t)− grad pµ(x, t),wj

〉
= −

〈
(uµ(t) · ∇)uµ(t),wj

〉
(5.31)

holds in L2[0, T ], where ⟨·, ·⟩ denotes the dual inner product of H−1(Rn) and H1(Rn). Because wj ,

(j = 1, 2, · · · ), is a basis of H1(Rn), we find by (5.31) that

∂uµ(t)

∂t
− µ∆uµ(t)− grad pµ(t) = −(uµ(t) · ∇)uµ(t),(5.32)

i.e., uµ is a solution of the Navier-Stokes equations (5.32). Because ϕ ∈ S (Rn), ∥uλml
,µ∥C(Rn) ≤

C∥ϕ∥C(Rn) (see, (5.2)) and F λml
,µ := (uλml

,µ · ∇)uλml
,µ ∈ L2([0, T ];L2(Rn)), we see by (5.22) and

(5.24) that

∂uµ(t)

∂t
, F µ(t), ∆uµ(t) ∈ L2([0, T ];L2(Rn)),(5.33)

so that by (5.32),

µ∆uµ + grad pµ(t), grad pµ(t) ∈ L2([0, T ];L2(Rn)).(5.34)
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Consequently, we obtain

uµ ∈ L2([0, T ];H2(Rn)).(5.35)

Now, we will show that uµ satisfies the initial-value conditions uµ(x, 0) = ϕ(x) for all x ∈ Rn. In
fact, by virtue of uλml

,µ(x, 0) = ϕ(x) for all x ∈ Rn and l ∈ N, it follows that

uλml
,µ(0) ⇀ uµ(0) weakly in L2(Rn) as k → ∞,(5.36)

and hence uµ(0) = ϕ by the uniqueness of the limit of a weak convergence sequence. Therefore, we
have proved the existence of strong solution of the initial problem for the Navier-Stokes equations.
More importantly, for another (arbitrarily chosen) sequence −µ ≤ λ′

1 < λ′
2 < · · · < λ′

m < · · · → +∞,
we can show that the limit (vector-valued function) of uλ′

ml
,µ still is the same solution uµ. In

other words, the solution uµ is independent of the given sequence {λm} (see also below for the
proof of uniquenees of the solution). Applying the standard regularity technique with respect to
x-derivatives and t-derivatives, with the help of (5.25) (which implies uµ ∈ L2([0, T ];Hk(Rn)) for
each non-negative integer k), we can further show that uµ ∈ C∞(Rn× [0, T ]). We will omit the proof
of this part (cf. [47], or §7.1.3 of [11]).

In the above discussion, since T > 0 can be taken as an arbitrary real number, we obtain that
(uµ, pµ) is a smooth solution of initial-value problem for the following Navier-Stokes equations:

∂uµ

∂t − µ∆uµ + grad pµ + (uµ · ∇)uµ = 0, x ∈ Rn, t ≥ 0,
div uµ = 0, x ∈ Rn, t ≥ 0,
uµ(x, 0) = ϕ(x), x ∈ Rn.

(5.37)

Furthermore, the solution (uµ, pµ) of (5.37) is unique. In fact, if (ũ, p̃) is another solution of (5.37),
that is, 

∂ũ
∂t − µ∆ũ+ grad p̃+ (ũ · ∇)ũ = 0, x ∈ Rn, t ≥ 0,
div ũ = 0, x ∈ Rn, t ≥ 0,
ũ(x, 0) = ϕ(x), x ∈ Rn,

(5.38)

then

(5.39)
∂(uµ−ũ)

∂t −µ∆(uµ−ũ)+grad (pµ−p̃)+((uµ−ũ)·∇)uµ+(ũ·∇)(uµ−ũ)=0, x ∈ Rn, t ≥ 0,
div (uµ−ũ) = 0, x ∈ Rn, t ≥ 0,
(uµ−ũ)(x, 0) = 0, x ∈ Rn.

Thus,

1

2

∂

∂t
∥uµ − ũ∥2L2(Rn) − µ⟨∆(uµ − ũ), (uµ − ũ)⟩L2(Rn) + ⟨grad (pµ − p̃), (uµ − ũ)⟩L2(Rn)(5.40)

+⟨((uµ−ũ) · ∇)uµ, (uµ − ũ)⟩L2(Rn) + ⟨(ũ · ∇)(uµ−ũ), (uµ − ũ)⟩L2(Rn) = 0,

i.e.,

1

2

∂

∂t
∥uµ − ũ∥2L2(Rn) − µ⟨∆(uµ − ũ), (uµ − ũ)⟩L2(Rn) +

∫
Rn

(
grad (pµ − p̃)

)
· (uµ − ũ) dx

+

∫
Rn

n∑
j,l=1

((uµ)j − ũj)
∂((uµ)l)

∂xj

(
(uµ)l − ũl

)
dx+

1

2

∫
Rn

n∑
j=1

ũj

( ∂

∂xj

n∑
l=1

(
(uµ)l − ũl

)2)
dx = 0.

Applying Green’s formula, we get

1

2

∂

∂t
∥uµ − ũ∥2L2(Rn) + µ∥∇(uµ − ũ)∥2L2(Rn) −

∫
Rn

(
pµ − p̃

)
div (uµ − ũ) dx
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−
∫
Rn

n∑
j,l=1

(uµ)l
∂

∂xj

[
((uµ)j − ũj)

(
(uµ)l − ũl

)]
dx− 1

2

∫
Rn

n∑
l=1

(
(uµ)l − ũl

)2
div ũ dx = 0,

and hence, by the conditions divuµ = 0 and div ũ = 0,

1

2

∂

∂t
∥uµ−ũ∥2L2(Rn)+µ∥∇(uµ−ũ)∥2L2(Rn)−

∫
Rn

n∑
j,l=1

(uµ)l
(
(uµ)j−ũj

) ∂((uµ)l−ũl)

∂xj
dx=0.(5.41)

From Theorem 4.3 and (5.41), we have

1

2

∂

∂t
∥uµ − ũ∥2L2(Rn) + µ∥∇(uµ − ũ)∥2L2(Rn)(5.42)

≤
∣∣∣∣ ∫

Rn

n∑
j,l=1

(uµ)l
(
(uµ)j − ũj

) ∂((uµ)l − ũl)

∂xj
dx

∣∣∣∣
≤ ∥uµ∥C(Rn×[0,∞)) ∥uµ − ũ∥L2(Rn)

∥∥∇(uµ − ũ)
∥∥
L2(Rn)

≤ 1

4µ
∥uµ∥2C(Rn×[0,∞))∥uµ − ũ∥2L2(Rn) + µ∥∇(uµ − ũ)∥2L2(Rn),

so that
∂

∂t
∥uµ − ũ∥2L2(Rn) ≤

1

2µ
∥uµ∥2C(Rn×[0,∞))∥uµ − ũ∥2L2(Rn).(5.43)

It follows from Gronwall’s inequality (see, (i) of Lemma 4.7) that

∥uµ − ũ∥2L2(Rn) ≤
(
e
∫ t
0

1
2µ

∥uµ∥2C(Rn×[0,t])
ds
)
∥uµ(0)− ũ(0)∥2L2(Rn) = 0, for all t ≥ 0,(5.44)

which implies uµ ≡ ũ.
Finally, taking the inner product of (5.37) and uµ in L2(Rn), we find by divuµ = 0 in Rn× [0,∞)

that
1

2

∂

∂t

∥∥uµ

∥∥2
L2(Rn)

+ µ
∥∥∇uµ

∥∥2
L2(Rn)

= 0 for all 0 ≤ t < ∞,(5.45)

so that ∥∥uµ(t)
∥∥2
L2(Rn)

+ 2µ

∫ t

0
∥∇uµ(s)∥2L2(Rn)

ds =
∥∥ϕ∥∥2

L2(Rn)
, for 0 ≤ t < ∞.(5.46)

To obtain the above (5.45), we have used the fact that∫
Rn

uµ · grad pµ dx = −
∫
Rn

(divuµ) pµ dx = 0,∫
Rn

uµ · (uµ · ∇)uµ dx =

∫
Rn

uµ · ∇
(1
2
|uµ|2

)
dx

= −
∫
Rn

1

2
|uµ|2 divuµ dx = 0.

From (5.46) we immediately get∥∥uµ(t)
∥∥2
L2(Rn)

≤
∥∥ϕ∥∥2

L2(Rn)
for all 0 ≤ t < ∞(5.47)

and

2µ

∫ t

0
∥∇uµ(s)∥2L2(Rn)

ds ≤
∥∥ϕ∥∥2

L2(Rn)
, for 0 ≤ t < ∞,(5.48)
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i.e., the energy of solution uµ is bounded. More precisely, the solution uµ also satisfies the requirement
of (1.7). □

Remark 5.1. i) We have proved the existence and uniqueness of global smooth solution for the
Navier-Stokes equations in dimension n = 3 because Theorem 4.3 only holds when dimension n = 3.

ii) The advantage of our method is that the existence and uniqueness of global smooth solution
of the Navier-Stokes equations are completely proved by discussing the closed relationship of the
nonlinear elastic inertial parabolic equations and the Navier-Stokes equations, which has avoided to
work on the Leray projection and its associated estimates.

iii) Our method (for proving the existence of global smooth solution) will provide a very useful
approach (in computational mathematics and computation physics) to calculate the solution uµ of
the Navier-Stokes equations by first figuring out the solution uλ,µ of the inertial Lamé equations and
then letting parameter λ → +∞ (µ > 0 is fixed).

iv) As pointed out before, the conditions ϕ ∈ S (Rn) and div ϕ = 0 in R3 will ensure that
the solution of the Navier-Stokes equations can be C∞-smoothly extended to R3 × [0,∞) (including
smoothly extended to the initial time t = 0), just as predicted by C. L. Fefferman in [12]. However, if
the initial value ϕ ∈Hm+1(R3)∩Cm+1

0 (R3), (m > 3
2), then from the previous discussion, we see that

the Navier-Stokes equations (5.1) admits a unique global smooth solution uµ ∈ C([0,∞);Hm+1(R3))∩
L2([0,∞);H1(R3)), with

∂kuµ

∂tk
∈ C([0,∞);Hm+1−2k(R3)).
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